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QUASISYMMETRIC GEOMETRY OF THE CANTOR CIRCLES AS THE
JULIA SETS OF RATIONAL MAPS
WEIYUAN QIU, FEI YANG, AND YONGCHENG YIN
Abstract. We give three families of parabolic rational maps and show that every Cantor
set of circles as the Julia set of a non-hyperbolic rational map must be quasisymmetrically
equivalent to the Julia set of one map in these families for suitable parameters. Combining a
result obtained before, we give a complete classification of the Cantor circles Julia sets in the
sense of quasisymmetric equivalence. Moreover, we study the regularity of the components
of the Cantor circles Julia sets and establish a sufficient and necessary condition when a
component of a Cantor circles Julia set is a quasicircle.
1. Introduction
Let X and Y be two metric spaces. If there exist a homeomorphism f : X → Y and a
distortion control function η : [0,∞)→ [0,∞) which is also a homeomorphism such that
|f(x)− f(a)|
|f(x)− f(b)| ≤ η
( |x− a|
|x− b|
)
(1.1)
for every triple of distinct points x, a, b ∈ X, then X and Y are called quasisymetrically
equivalent to each other and f is called a quasisymmetric map between X and Y [Hei, §10].
A basic and widely open question in quasiconformal geometry is to determine whether two
given homeomorphic spaces are quasisymmetrically equivalent to each other.
The quasisymmetric classification problem arises also in the hyperbolic spaces and word
hyperbolic groups in the sense of Gromov [BP, Ha¨ı, Kle]. For the definition of (word)
hyperbolic groups, see [Gro]. The Kapovich-Kleiner conjecture in the geometry group the-
ory predicts that if a Gromov hyperbolic group G has a boundary at infinity ∂∞G that
is a Sierpin´ski carpet, then G should admit an action on a convex subset of hyperbolic 3-
space H3 with non-empty totally geodesic boundary where the action is isometric, properly
discontinuous, and cocompact [KK]. This conjecture is equivalent to the following state-
ment: if ∂∞G is a Sierpin´ski carpet, then ∂∞G is quasisymmetrically equivalent to a round
Sierpin´ski carpet in the Riemann sphere Ĉ (Recall that a Sierpin´ski carpet is called round if
each boundary component of this carpet is a round circle). Recently, Bonk gave a sufficient
condition on the Sierpin´ski carpets such that they can quasisymmetrically equivalent to
some round Sierpin´ski carpets [Bon].
For other quasisymmetrically inequivalent fractal sets, one can see also [Bou] for the
the examples of quasisymmetrically inequivalent spaces modelled on the universal Menger
curve. The study of the topological properties of the Julia sets of rational maps is an
important problem in complex dynamics. However, for the study of the quasisymmetric
properties on the Julia sets of rational maps, very few results appeared in the literatures.
Recently, Bonk, Lyubich and Merenkov studied the quasisymmetries of the Julia sets which
are Sierpin´ski carpets [BLM]. In [HP, Theorem 1], Ha¨ıssinsky and Pilgrim gave the first
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example of homeomorphic but quasisymmetrically inequivalent hyperbolic Julia sets. They
proved that there exist quasisymmetrically inequivalent Cantor circles as the Julia sets of
rational maps.
In this paper, we will give a more comprehensive study on the quasiconformal geometry
of Cantor circles that arise as the Julia sets of rational maps, including the quasisymmetric
classification under the dynamics and the study of the regularity of the components of the
Cantor circles Julia sets, etc.
Recall that a subset of the Riemann sphere C is called a Cantor set of circles (or Cantor
circles in short) if it consists of uncountably many closed Jordan curves which is homeomor-
phic to C ×S1, where C is the middle third Cantor set and S1 is the unit circle. McMullen is
the first one who found a rational map with this type Julia set (see [McM, §7]). He proved
that the Julia set of f(z) = z2 + λ/z3 is a Cantor set of circles if λ 6= 0 is small enough.
Henceforth, many authors have focused on the family
fλ(z) = z
k + λ/zl, (1.2)
which is commonly referred as the McMullen maps, where k, l ≥ 2 (see [DLU, Ste, QWY]
and the references therein). It is known that when 1/k+ 1/l < 1 and λ 6= 0 is small enough,
then the Julia set of fλ is a Cantor set of circles (see [McM, §7] and [DLU, §3]).
As an answer to the natural question that to find more rational maps whose Julia sets
are Cantor circles, the following Theorem 1.1 was proved in [QYY].
Theorem 1.1 ([QYY]). For each p ∈ {0, 1} and n ≥ 2 positive integers d1, · · · , dn satisfying∑n
i=1(1/di) < 1, there exist suitable parameters a1, · · · , an−1 such the Julia set of
fp,d1,··· ,dn(z) = z
(−1)n−pd1
n−1∏
i=1
(zdi+di+1 − adi+di+1i )(−1)
n−i−p
(1.3)
is a Cantor set of circles. Moreover, any rational map whose Julia set is a Cantor set
of circles must be topologically conjugate to fp,d1,··· ,dn for some p and d1, · · · , dn on their
corresponding Julia sets with suitable parameters a1, · · · , an−1.
From the topological point of view, all Cantor circles are the same since they are all
topologically equivalent (homeomorphic) to the ‘standard’ Cantor circles C × S1. Theorem
1.1 gives a complete topological classification of the Cantor circles as the Julia sets of rational
maps under the dynamical behaviors. To obtain much richer structure of the set of all Cantor
sets of circles, we can look at the Cantor circles Julia sets equipped with metric from the
point of view of quasisymmetric geometry. Therefore, the question to give a classification
of the Cantor circles as the Julia sets of rational maps in the sense of quasisymmetric
equivalence arises naturally.
A rational map is hyperbolic if all critical points are attracted by attracting periodic orbits.
It is known that the maps in the family (1.3) are hyperbolic and the Julia components are
quasicircles if the parameters a1, · · · , an−1 are chosen properly such the Julia set of fp,d1,··· ,dn
is a Cantor set of circles. However, there maybe exist cusps on the components of the Cantor
circles Julia sets since the periodic Fatou components of the corresponding rational maps
can be parabolic. According to (1.1), an orientation preserving homeomorphism between a
quasicircle and a Jordan curve with cusps cannot be quasisymmetric since the former has
bounded turning but the latter does not have [LV, Theorem 8.6].
In this paper, we first give the specific expressions of three families of parabolic rational
maps and prove that the Julia sets of them are Cantor circles if the parameters are chosen
properly. Then, we prove that every Cantor circles as the Julia set of a non-hyperbolic
rational map must be quasisymmetrically equivalent to the Julia set of one map in these three
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families (see Theorem 5.4). Combining Theorem 1.1, we give a complete quasisymmetric
classification of the Cantor circles Julia sets under the dynamical behaviors (see Theorem
1.5 and Table 1).
Let d1, · · · , dn be n ≥ 2 positive integers such that
∑n
i=1(1/di) < 1. We define
Pd1,··· ,dn(z) = An
d1z
(−1)n−1dn
(d1 − 1)zd1 + 1
n−1∏
i=1
(zdi+di+1 − adi+di+1i )(−1)
i−1
+Bn, (1.4)
where
An =
1
1 + Cn
n−1∏
i=1
(1− adi+di+1i )(−1)
i
, Bn =
Cn
1 + Cn
and Cn =
n−1∑
i=1
(−1)i−1(di + di+1) adi+di+1i
1− adi+di+1i
are three numbers depending only on the n− 1 small complex numbers a1, · · · , an−1 which
satisfies 1  |a1|  · · ·  |an−1| > 0. Here the notation ‘a  b > 0’ means ‘a/b is a very
big number. The choice of An, Bn and Cn here can guarantee that 1 is a parabolic fixed
point of Pd1,··· ,dn with multiplier 1 (see Lemma 2.2(1)).
Theorem 1.2. For each given n ≥ 2 positive integers d1, · · · , dn satisfying
∑n
i=1(1/di) < 1,
there exist suitable parameters a1, · · · , an−1, such that Pd1,··· ,dn has exactly one parabolic fixed
point and the Julia set of Pd1,··· ,dn is a Cantor set of circles.
Note that the parameters a1, · · · , an−1 are all very small since 1 |a1|  · · ·  |an−1| >
0. This means that Cn ≈ 0, Bn ≈ 0 and An ≈ 1 for fixed d1, · · · , dn. For any n ≥ 2, the
rational map Pd1,··· ,dn can be seen as a small perturbation of the parabolic rational map
hd1(z) =
d1z
d1
(d1 − 1)zd1 + 1 =
1
z
◦ z
d1 + d1 − 1
d1
◦ 1
z
.
The map hd1 has a fixed parabolic basin containing ∞ whose boundary contains the para-
bolic fixed point 1 and its Julia set is a Jordan curve with infinitely many cusps (Lemmas
2.3 and 2.6). If n ≥ 2 is even, the Fatou component of Pd1,··· ,dn containing the origin is the
preimage of the parabolic Fatou component containing the infinity. If n ≥ 3 is odd, then the
Fatou component of Pd1,··· ,dn containing the origin is an attracting Fatou component (see §2
for details).
For example, let n = 2, d1 = d2 = 3 and a1 = 0.25 (As stated above, the parameter a1 is
required small enough. We choose a1 = 0.25 here for generating more clear pictures of Julia
sets). By a straightforward calculation, we have A2 ≈ 0.99878079 and B2 ≈ 0.00146306.
The Julia set of
P3,3(z) =
3A2(z
6 − a61)
z3(2z3 + 1)
+B2,
is a Cantor set of circles and P3,3 has a unique periodic Fatou component which is parabolic
and contains ∞ (see left picture in Figure 1 and compare the left picture in Figure 4).
Let n = 3, d1 = d2 = d3 = 4, a1 = 0.1 and a2 = 0.01. Then A3 ≈ 1 − 7 × 10−8 and
B3 ≈ 8× 10−8. The Julia set of
P4,4,4(z) =
4A3z
4(z8 − a81)
(3z4 + 1)(z8 − a82)
+B3,
is a Cantor set of circles. Moreover, P4,4,4 has an unbounded parabolic fixed Fatou compo-
nent and a bounded attracting Fatou component containing the origin (see right picture in
Figure 1 and compare the right picture in Figure 4).
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Figure 1. The Julia sets of P3,3 and P4,4,4 with suitable parameters (from
left to right). The gray parts in both pictures denote the Fatou components
which are eventually iterated to the unbounded parabolic fixed Fatou compo-
nents while the white parts in the right picture denote the Fatou components
which are eventually iterated to the attracting Fatou component containing
the origin (compare Figure 4). Figure ranges: both are [−1, 1]2.
Note that Pd1,··· ,dn with odd n ≥ 3 has a bounded attracting Fatou component containing
the origin, we want to get a new map from the original one such that the attracting Fatou
component becomes parabolic. Define
Qd1,··· ,dn(z) =
d1z
dn
(d1 − 1)Xnzd1 + Ynz + Zn
n−1∏
i=1
(zdi+di+1 − bdi+di+1i )(−1)
i−1
+Wn, (1.5)
where b1, · · · , bn−1 are n−1 small positive real numbers satisfying 1 b1  · · ·  bn−1 > 0
and Xn ≈ 1, Yn ≈ 0, Zn ≈ 1, Wn ≈ 0 are four real numbers depending only on b1, · · · , bn−1
(see Lemmas 3.2 and 3.3).
Theorem 1.3. For each odd n ≥ 3 and positive integers d1, · · · , dn satisfying
∑n
i=1(1/di) <
1, there exist suitable parameters b1, · · · , bn−1, such that Qd1,··· ,dn has two fixed simply con-
nected parabolic Fatou components and the Julia set of Qd1,··· ,dn is a Cantor set of circles.
Finally, we construct a family of parabolic rational maps whose Julia set are Cantor circles
but their two simply connected Fatou components are periodic with period two. Define
Rd1,··· ,dn(z) =
Sn
zdn
n−1∏
i=1
(zdi+di+1 − cdi+di+1i )(−1)
i
+ Tn, (1.6)
where c1, · · · , cn−1 are n−1 small positive real numbers satisfying 1 c1  · · ·  cn−1 > 0
and Sn ≈ 0, Tn ≈ 0 are numbers depending only on c1, · · · , cn−1 (see Lemma 4.1).
Theorem 1.4. For each odd n ≥ 3 and positive integers d1, · · · , dn satisfying
∑n
i=1(1/di) <
1, there exist suitable parameters c1, · · · , cn−1, such that Rd1,··· ,dn has two simply connected
periodic parabolic Fatou components with period two and the Julia set of Rd1,··· ,dn is a Cantor
set of circles.
Actually, Rd1,··· ,dn can be regarded as a rational map which comes from f0,d1,··· ,dn for odd n
in some sense since they are actually topologically conjugate on their Julia sets for suitable
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parameters (see Table 1). We will give the specific examples of Qd1,··· ,dn and Rd1,··· ,dn with
Cantor circles Julia sets in §3 and §4 respectively (see also Figures 5 and 6).
According to Cui’s result [Cui], each attracting Fatou component of a geometrically finite
rational map f can be ‘replaced’ by a parabolic basin of a new map g and the two rational
maps f and g are topologically conjugate on their corresponding Julia sets. Therefore, by
Theorem 1.1, one can firmly believe that there exist the four kinds of parabolic rational
maps with Cantor circles Julia sets (see Table 1). However, the main work in the first part
of this paper is to find their specific expressions.
Let f be a rational map whose Julia set J(f) is a Cantor set of circles. Then f has ex-
actly two simply connected Fatou components D0 and D∞. By Riemann-Hurwitz’s formula
and Sullivan’s eventually periodic theorem, we have f(D0 ∪ D∞) ⊂ D0 ∪ D∞. Moreover,
there exists no critical points in J(f) since each Julia component is a Jordan closed curve
(see [QYY, Lemma 3.1]). This means that each periodic Fatou component of f must be
attracting or parabolic. In fact, we have following quasisymmetric uniformization theorem
of the Cantor circles as the Julia sets of rational maps.
Theorem 1.5. Let f be a rational map whose Julia set is a Cantor set of circles. Then there
exist n ≥ 2 positive integers d1, · · · , dn satisfying
∑n
i=1(1/di) < 1 such that f is conjugate to
either fp,d1,··· ,dn, Pd1,··· ,dn, Qd1,··· ,dn or Rd1,··· ,dn on their corresponding Julia sets for suitable
parameters by a quasiconformal mapping.
According to [Hei, Theorem 11.14], an orientation preserving homeomorphism between
the Riemann sphere is quasisymmetric if and only if it is quasiconformal. This means that
Theorem 1.5 gives a complete dynamical classification of the Cantor circles Julia sets in the
quasisymmetric sense and we have following Table 1.
Classifications f(D0) f(D∞) D0 D∞ models
Hyperbolic I D∞ D∞ — attracting f1,d1,··· ,dn , even n
Hyperbolic II D0 D∞ attracting attracting f1,d1,··· ,dn , odd n
Hyperbolic III D∞ D0 attracting attracting f0,d1,··· ,dn , odd n
Parabolic I D∞ D∞ — parabolic Pd1,··· ,dn , even n
Parabolic II D0 D∞ attracting parabolic Pd1,··· ,dn , odd n
Parabolic III D0 D∞ parabolic parabolic Qd1,··· ,dn , odd n
Parabolic IV D∞ D0 parabolic parabolic Rd1,··· ,dn , odd n
Table 1. The quasisymmetric classifications of the Cantor circles as the Julia
sets of rational maps. Every Cantor circles Julia set has a quasisymmetric
model in this table.
Note that the definition of quasisymmetric equivalence has no relation to the dynamics.
However, Theorem 1.5 provides a dynamical quasisymmetric equivalence between Cantor
circles Julia sets, i.e. the homeomorphism in (1.1) not only maps one Cantor circles Julia set
to another, but also conjugates the corresponding dynamics. Unfortunately, we still don’t
know whether the Julia sets in the different families of the parabolic rational maps must be
quasisymmetrically inequivalent without considering the dynamics and the difference of the
degrees.
For the regularity of the Julia components of the Cantor circles Julia sets, we have fol-
lowing Theorem 1.6.
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Theorem 1.6. Let f be a rational map with Cantor circles Julia set and J0 a Julia com-
ponent of f . Then J0 is a quasicircle if and only if the closure of the forward orbit of J0 is
disjoint with the boundaries of the parabolic periodic Fatou components.
This theorem gives a sufficient and necessary condition to decide when a Julia component
in Cantor circles Julia set is a quasicircle. Moreover, the quasicircle components are dense
in the parabolic Cantor circles Julia set (see §6 and Figure 8). As an immediate corollary
of Theorem 1.6, we have following result.
Corollary 1.7. Let f be a hypebolic rational map whose Julia set is a Cantor set of circles.
Then every Julia component of f is a quasicircle.
This paper is organized as follows: In §2, we give the suitable parameters a1, · · · , an−1 in
(1.4) and prove Theorem 1.2 after doing some estimations, including locating the positions
of the critical orbits and controlling the size of the parabolic basins. In §§3 and 4, we show
that the Julia sets of Qd1,··· ,dn and Rd1,··· ,dn are Cantor circles if the parameters b1, · · · , bn−1
and c1, · · · , cn−1 are chosen properly and prove Theorems 1.3 and 1.4. We will give the
detailed proof of the existence of the four quantities Xn, Yn, Zn and Wn appeared in (1.5) by
using Newton’s method. In §5, we give the proof of quasisymmetric uniformization theorem
of the Cantor circles as the Julia sets of rational maps and hence prove Theorem 1.5. In
§6, we will prove Theorem 1.6 and analyze the regularity of the Julia components of the
parabolic Cantor circles Julia sets by dividing the arguments into four cases.
Acknowledgements. The first author was supported by the NSFC under grant No. 11271074
and the National Research Foundation for the Doctoral Program of Higher Education of
China under grant No. 20130071110029, the second author was supported by the Natural
Science Foundation of Jiangsu Province under grant No. BK20140587 and the NSFC un-
der grant No. 11401298, and the third author was supported by the NSFC under grant
No. 11231009.
2. Cantor circles with one parabolic fixed point
In this section, we construct a family of non-hyperbolic rational maps whose Julia sets are
Cantor circles such that each one of them has exactly one parabolic fixed point. Let n ≥ 2
and d1, · · · , dn be n positive integers such that
∑n
i=1(1/di) < 1 and Pd1,··· ,dn the family of
rational maps defined in (1.4). We use dmax := max{d1, · · · , dn} ≥ 3 to denote the maximal
number among d1, · · · , dn and set
|a1| = (d2maxs)1/d1 and |ai| = s1/di |ai−1| for 2 ≤ i ≤ n− 1, (2.1)
where s > 0 is small enough. Note that a1, · · · , an−1 are n − 1 small complex parameters
satisfying 1 |a1|  · · ·  |an−1| > 0 if the parameter s > 0 is sufficiently small.
Let A(s) ≥ 0 and B(s) ≥ 0 be two quantities depending only on s > 0. We denote
A(s)  B(s) if there exists a constant C0 := C0(d1, · · · , dn) ≥ 0 depending only on d1, · · · , dn
such that A(s) ≤ C0B(s) when s is small enough. Moreover, we use A(s)  B(s) to denote
the two quantities in the same order of s if there exists a constant C1 := C1(d1, · · · , dn) ≥ 1
depending only on d1, · · · , dn such that
C−11 B(s) ≤ A(s) ≤ C1B(s)
when s > 0 is small enough. We first give some estimations which will be useful in the later
discussions.
Lemma 2.1. (1) For 1 ≤ i ≤ n− 1, then |ai|  s
∑i
j=1(1/dj).
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(2) If 1 ≤ j < i ≤ n − 1, then |ai/aj|di+di+1  sα1 and |ai/aj|dj+dj+1  sα2, where
α1 = α1(i, j) ≥ 1 + 2/dmax and α2 = α2(i, j) ≥ 1 + 2/dmax.
(3) Let m ≥ 2 be an integer, a ∈ C \ {0} and 0 < ε < 1/2. If |zm − am| ≤ ε|a|m, then
|z − ae2piij/m| < ε|a| for some 1 ≤ j ≤ m.
Proof. (1) Since |a1|  s1/d1 and |ai| = s1/di |ai−1| for 2 ≤ i ≤ n− 1 by (2.1), we have
|ai| = s1/di |ai−1| = s(1/di)+(1/di−1)|ai−2| = · · · = s
∑i
j=2(1/dj)|a1|  s
∑i
j=1(1/dj)
for i ≥ 2. Note that |a1|  s1/d1 , the proof of (1) is complete.
(2) By (1), it can be seen that |ai/aj|di+di+1  sα1 , where
α1 := (di + di+1)
i∑
k=j+1
1
dk
= 1 + di
i−1∑
k=j+1
1
dk
+ di+1
i∑
k=j+1
1
dk
≥ 1 + 2
dmax
(2.2)
since 2 ≤ dk ≤ dmax for 1 ≤ k ≤ n. Similarly, |ai/aj|dj+dj+1  sα2 , where
α2 := (dj + dj+1)
i∑
k=j+1
1
dk
= 1 + dj+1
i∑
k=j+2
1
dk
+ dj
i∑
k=j+1
1
dk
≥ 1 + 2
dmax
. (2.3)
(3) Let zm = am(1 + reiθ) for 0 ≤ r ≤ ε and 0 ≤ θ < 2pi, then z = ae2piij/m(1 + reiθ)1/m
for some 1 ≤ j ≤ m and we have
|z − ae2piij/m| = |(1 + reiθ)1/m − 1| · |a| ≤ ((1 + ε)1/m − 1) · |a| < ε|a|
if m ≥ 2. The proof is complete. 
For simplicity, we use Pn to denote Pd1,··· ,dn for fixed integers d1, · · · , dn in the rest part
of this section. For 1 ≤ i ≤ n − 1, we denote Di := di + di+1. Then 5 ≤ Di ≤ 2dmax. We
now prove that Pn is always parabolic with a parabolic fixed point 1 and then use the order
of the parameter s to control the sizes of the terms An, Bn, Cn which appeared in (1.4).
Lemma 2.2. (1) The map Pn is parabolic. In particular, Pn(1) = 1 and P
′
n(1) = 1.
(2) If the parameter s > 0 is small enough, then
|Cn|  sβ, |Bn|  sβ and |An − 1|  sβ,
where β = β(d1, · · · , dn) ≥ 1 + 2/dmax.
Proof. (1) According to a straightforward calculation by following the expressions of An, Bn
and Cn in the introduction, one can check that Pn(1) = 1 directly. Note that
zP ′n(z)
Pn(z)−Bn =
n−1∑
i=1
(−1)i−1DizDi
zDi − aDii
+ (−1)n−1dn − (d1 − 1)d1z
d1
(d1 − 1)zd1 + 1 . (2.4)
We have
P ′n(1)
Pn(1)−Bn =
P ′n(1)
1−Bn =
n−1∑
i=1
(−1)i−1Di aDii
1− aDii
+
n−1∑
i=1
(−1)i−1Di + (−1)n−1dn − (d1 − 1)
=
n−1∑
i=1
(−1)i−1Di aDii
1− aDii
+ 1 = Cn + 1.
Therefore, by the expressions of Bn and Cn in (1.4), we have
P ′n(1) = (1−Bn)(Cn + 1) = 1.
This means that 1 is a parabolic fixed point of Pn with multiplier 1.
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(2) By Lemma 2.1(1), for 1 ≤ i ≤ n− 1, we have
|ai|di+di+1  sβi ,
where
βi = (di + di+1)
i∑
j=1
1
dj
= 1 + di
i−1∑
j=1
1
dj
+ di+1
i∑
j=1
1
dj
≥ 1 + 2
dmax
.
Set β := min1≤i≤n−1 βi. Then |Cn|  sβ, and hence |Bn|  sβ and |An − 1|  sβ. 
Let us explain the ideas behind the construction of Pn. For integer d1 ≥ 2, we start with
the unicritical parabolic polynomial gd1(z) = (z
d1 + d1− 1)/d1. The holomorphic conjugacy
of gd1 under ψ(z) = 1/z is
hd1(z) := ψ ◦ gd1 ◦ ψ−1(z) =
d1z
d1
(d1 − 1)zd1 + 1 . (2.5)
Then∞ is a critical point of hd1 with multiplicity d1− 1 which is attracted to the parabolic
fixed point 1. In order to obtain a rational map whose Julia set is a Cantor set of circles,
we want to replace the term zd1 in the numerator of hd1 by another term and add some new
terms, which can guarantee that 1 is always a parabolic fixed point of the new map after
the substitution. The following lemma indicates that the rational map Pn can be served as
a small perturbation of hd1 .
Lemma 2.3. The rational map Pn converges to hd1 locally uniformly on Ĉ \ {0} as the
parameter s > 0 tends to zero.
Proof. Let An and Bn be the two numbers in (1.4) which depend on the n − 1 numbers
a1, · · · , an−1. If n ≥ 2 is even, then
Pn(z) =
And1
(d1 − 1)zd1 + 1
zd1+d2 − ad1+d21
zd2+d3 − ad2+d32
· · · z
dn−1+dn − adn−1+dnn−1
zdn
+Bn. (2.6)
If n ≥ 3 is odd, then
Pn(z) =
And1z
dn
(d1 − 1)zd1 + 1
zd1+d2 − ad1+d21
zd2+d3 − ad2+d32
· · · z
dn−2+dn−1 − adn−2+dn−1n−2
zdn−1+dn − adn−1+dnn−1
+Bn. (2.7)
By Lemma 2.1(1) and Lemma 2.2(2), it follows that An tends to 1, a1, · · · , an−1 and Bn all
tend to 0 as s > 0 tends to 0. By the expressions of (2.6) and (2.7), this means that Pn
converges to hd1 locally uniformly on Ĉ \ {0} as s > 0 tends to zero. 
We now study the limit behaviors of the immediate parabolic basins of a sequence of
parabolic rational maps which is locally uniformly convergent. Let f(z) = z+z2 +a3z
3 + · · ·
be a holomorphic germ defined in a domain Ω ⊂ C such that the immediate parabolic basin
U of the origin of f is compactly contained in Ω. Note that U is not necessarily simply
connected. Suppose that fk(z) = z+a2,kz
2 +a3,kz
3 + · · · is a sequence of holomorphic germs
defined in Ω which converges to f locally uniformly, where a2,k 6= 0 and k ∈ N. We use
Uk ⊂ Ω to denote the immediate parabolic basin of the origin of fk.
Lemma 2.4. Let K be a compact set in U . Then K is contained in Uk if k is large enough.
If K is compact in V = {z : z ∈ U and Re(z) < 0} ∪ {0}. Then K \ {0} is contained in Uk
if k is large enough.
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Proof. Define w = ξ(z) = −1/z and denote Ω̂ = {ξ(z) : z ∈ Ω\{0}} and Û = {ξ(z) : z ∈ U}.
Then Ω̂ ⊃ Û ⊃ HR for some R > 0, where HR = {w : Re(w) ≥ R} is a right half-
plane [Mil, §10]. The maps F = ξ ◦ f ◦ ξ−1 and Fk = ξ ◦ fk ◦ ξ−1 are defined on Ω̂. By
parabolic linearization theorem, there exists a conformal embedding α : HR → C such that
α(F (w)) = α(w) + 1 and Re(F (w)) > Re(w) + 1/2 if R > 0 is large enough [Mil, Theorem
10.9 and Lemma 10.10].
Since fk converges to f locally uniformly on Ω, it follows that Fk converges to F uniformly
on HR for large R > 0 since 0 ∈ Ω. On the other hand, note that the map f and each fk have
a parabolic fixed point at the origin with multiplier 1. Hence, there exists an integer N1 > 0
such that Re(Fk(w)) > Re(w) + 1/2 for w ∈ HR if k ≥ N1. Therefore, Fk(HR) ⊂ HR+1/2 if
k ≥ N1. Let P = ξ(HR) be a parabolic petal in U . Then fk(P) ⊂ P if k ≥ N1. This means
that P is contained in the immediate parabolic basin of 0 of fk if k ≥ N1.
Let K be a compact set in U . Then there exists an integer m ≥ 0 such that F ◦m(ξ(K)) ⊂
HR. Equivalently, f ◦m(K) ⊂ P . Note that f ◦mk converges to f ◦m uniformly on K as k →∞.
It follows that f ◦mk (K) ⊂ P if k ≥ N2 for some N2 ≥ 1. Let N = max{N1, N2}. Then we
know that K is contained in the parabolic basin of 0 of fk if k ≥ N . For the compact set
K, there exists a continuous closed curve γ ⊂ U connecting K and P . Note that γ is also
compact in U . This means that γ is contained in the parabolic basin of 0 of fk. Above all,
we know that K is contained in the immediate parabolic basin of 0 of fk.
Suppose that K is a compact set in V . Note that V is the union of 0 and an open subset
of U . In this case K is allowed to ‘touch’ the parabolic fixed point 0. By the definition of
V , we have K̂ = ξ(K \ {0}) ⊂ H0 ∩ Û . Note that K̂ can be unbounded and hence is not
compact in Û . Suppose that w ∈ Û . There exists a large M > 0 such that if |Im(w)| > M
or w ∈ HR, then F ◦n(w) is well defined and Re(F ◦n(w)) > Re(w) +n/2 for every n ≥ 1 (see
[Bea, §6.5]). Then we can write the set K̂ as K1 ∪K2 such that K1 ⊂ H0 is compact and
K2 ⊂ {w : |Im(w)| > M} ∩ H0. If w ∈ K1, then there exists an integer m1 ≥ 0 such that
F ◦m1(K1) ⊂ HR since K1 is compact and contained in Û . If w ∈ K2, there exists also an
integer m2 ≥ 0 such that F ◦m2(K2) ⊂ HR since Re(F ◦n(w)) > Re(w) +n/2 for every n ≥ 1.
Hence, F ◦l(K̂) ⊂ HR if l ≥ m, where m = max{m1,m2}. Equivalently, f ◦l(K) ⊂ P ∪ {0}.
Note that f ◦lk converges to f
◦l uniformly on K as k →∞. It follows that f ◦lk (K) ⊂ P∪{0}
if k is large enough. This means that K \ {0} is contained in the parabolic basin of 0 of
fk if k is large enough. Similar argument can be shown that K \ {0} is contained in the
immediate parabolic basin of 0 of fk. The proof is complete. 
As a remark, we would like to point out that the immediate parabolic basin Uk of the
origin of fk needs not to converge to U in the Hausdorff topology. For example, consider
the quadratic rational map fc(z) = (z
2 + cz)/(z + 1) with a parabolic fixed point at ∞
with multiplier 1. If c = −1, then fc has another parabolic fixed point 0 with multiplier
−1. Just do a suitable perturbation on c, the Julia set of new rational map is a Cantor set
with a parabolic fixed point at∞ (by parabolic implosion). This means that the immediate
parabolic basin of ∞ of fc is not continuous at c = −1 in the Hausdorff topology.
Let D(a, r) := {z ∈ C : |z − a| < r} be the Euclidean disk centered at a with radius r.
For 0 ≤ r ≤ 1, we denote Dr := D(1− r, r) ⊂ D. Note that 1 ∈ ∂Dr.
Lemma 2.5. Let m,n ≥ 2 be two integers. Then
gn(z) =
zn + n− 1
n
and gm,n(z) =
(zm + (mn− 1))n
(mn)n
(2.8)
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are both parabolic polynomials containing a parabolic fixed point 1 with multiplier 1. For
any 0 ≤ r ≤ 1, we have gn(Dr) ⊂ Dr ∪ {1} and gm,n(Dr) ⊂ Dr ∪ {1}. In particular, the
immediate parabolic basins of 1 of gn and gm,n both contain the unit disk D.
Proof. It is easy to see that 1 is the parabolic fixed point of gn and gm,n with multiplier
1 and the attracting axis of the unique parabolic petal is on the left of 1. If z ∈ D, then
|gn(z) − (n − 1)/n| = |z|n/n ≤ 1/n. This means that gn(D) ⊂ D1/n ∪ {1}. In particular,
gn(Dr) ⊂ D1/n ∪ {1} ⊂ Dr ∪ {1} if 1/n < r ≤ 1. Now suppose 0 ≤ r ≤ 1/n. Let
z = 1− r + ρeiθ ∈ Dr, where ρ ∈ [0, r] and θ ∈ [0, 2pi). We have∣∣∣∣gn(z)− (1− r)n + n− 1n
∣∣∣∣ = |(1− r + ρeiθ)n − (1− r)n|n
≤ 1
n
∣∣∣∣∣
n∑
k=1
Cknρ
keikθ(1− r)n−k
∣∣∣∣∣ ≤ 1n
n∑
k=1
Cknρ
k(1− r)n−k ≤ 1− (1− r)
n
n
.
(2.9)
This means that gn(Dr) ⊂ Ds, where s = (1 − (1 − r)n)/n ≤ r since 0 ≤ r ≤ 1/n. Note
that (2.9) can get the equality sign “=” if and only if θ = 0 and ρ = r. This means that
gn(Dr) ⊂ Dr ∪{1} for 0 ≤ r ≤ 1/n. In summary, we have gn(Dr) ⊂ Dr ∪{1} for 0 ≤ r ≤ 1.
In particular, D is contained in the immediate parabolic basin of 1 of gn.
The conclusions for gm,n can be proved completely similar to that of gn. We omit the
details here. See Figure 2 for the pictures of the Julia sets of g4 and g4,4. 
For r ≥ 1, we denote D′r := Ĉ \ D(1− r, r) ⊂ Ĉ \ D. Note that 1 ∈ ∂D′r.
Lemma 2.6. Let m,n ≥ 2 be two integers. Then
hn(z) =
nzn
1 + (n− 1)zn and hm,n(z) =
(mn)nzmn
(1 + (mn− 1)zm)n (2.10)
are both parabolic rational maps containing a parabolic fixed point 1 with multiplier 1. For
any r ≥ 1, we have hn(D′r) ⊂ D′r ∪ {1} and hm,n(D′r) ⊂ D′r ∪ {1}. In particular, the
immediate parabolic basin of 1 contains the outside of the closed unit disk D′1 = Ĉ \ D.
Proof. By a straightforward calculation, we have hn = ψ◦gn◦ψ−1 and hm,n = ψ◦gm,n◦ψ−1,
where ψ(z) = 1/z and gn and gm,n are defined in (2.8). For r ≥ 1, we have ψ(D′r) = Ds,
where s = r/(2r − 1) ≤ 1. By Lemma 2.5, it is easy to see Lemma 2.6 holds. See Figure 2
for the pictures of the Julia sets of h4 and h4,4. 
The following corollary shows that the rational map Pn defined in (1.4) has a very similar
parabolic basin as that of hd1 if the parameter s in Pn is sufficiently small.
Corollary 2.7. For any r > 1, the open disk D′r = Ĉ \ D(1 − r, r) lies in the immediate
parabolic basin of 1 of Pn and Pn(D′r) ⊂ D′r ∪ {1} if the parameter s > 0 is small enough.
Proof. By Lemma 2.3, Pn converges to the parabolic rational map hd1 locally uniformly in
Ĉ \ {0} as the parameter s > 0 tends to zero. Let ϕ(z) = λ(1/z− 1), where λ = (d1− 1)/2.
Then ϕ ◦ Pn ◦ ϕ−1 converges to
ĥd1(z) := ϕ ◦ hd1 ◦ ϕ−1(z) =
d1∑
k=1
λCkd1
d1
(z
λ
)k
= z + z2 +
2(d1 − 2)
3(d1 − 1)2 z
3 + · · · (2.11)
locally uniformly on C. The disk D(−λ, λ) is contained in the immediate parabolic basin of
0 of ĥd1 since hd1(Ĉ\D) ⊂ Ĉ\D. Since D ⊂ D(1−r, r) for r > 1, we have ϕ(D′r) ⊂ D(−λ, λ).
Note that ϕ(D′r) is a round disk whose boundary contains 0. Then the closed disk ϕ(D′r)
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Figure 2. The Julia sets of g4 and g4,4 (up two), h4 and h4,4 (below two).
The immediate parabolic basins of 1 of g4 and g4,4 contain the unit disk and
the immediate parabolic basins of 1 of h4 and h4,4 contain the outside of the
closed unit disk. Figure ranges: up two are [−2, 2]2 and below two are [−1, 1]2.
satisfies the condition in Lemma 2.4 and ϕ(D′r)\{0} is contained in the immediate parabolic
basin of 0 of ϕ ◦ Pn ◦ ϕ−1 if the parameter s in Pn is small enough. This means that the
open disk D′r lies in the immediate parabolic basin of 1 of Pn if s is small enough.
By Lemma 2.6, we have hd1(D
′
r) ⊂ D′r ∪ {1}. Let ξ(z) = −1/z. Then ξ(ϕ(D′r)) = Hs for
some s ∈ R and ξ ◦ ĥd1 ◦ ξ−1(Hs) ⊂ Hs. This means that ξ ◦ ϕ ◦ Pn ◦ ϕ−1 ◦ ξ−1(Hs) ⊂ Hs
since Pn converges to hd1 locally uniformly on Ĉ \ {0} as s tends to zero by Lemma 2.3.
Therefore, we have Pn(D′r) ⊂ D′r ∪ {1}. The proof is complete. 
In order to understand the dynamical behaviors of Pn, we now locate the critical points
of Pn (Lemma 2.8) and study the corresponding critical orbits (Lemma 2.9). It is easy to
see 0 and∞ are critical points of Pn with multiplicity dn−1 and d1−1 respectively, and the
degree of Pn is
∑n
i=1 di. Recall that Di := di + di+1 for 1 ≤ i ≤ n− 1. Besides 0 and ∞, by
(2.4), the remaining
∑n−1
i=1 Di critical points of Pn are the solutions of following equation:
n−1∑
i=1
(−1)i−1DizDi
zDi − aDii
+ (−1)n−1dn − (d1 − 1)d1z
d1
(d1 − 1)zd1 + 1 = 0. (2.12)
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For 1 ≤ i ≤ n− 1, define ri := Di
√
di+1/di and let
C˜riti := {w˜i,j = riaiepii(2j−1)/Di : 1 ≤ j ≤ Di} (2.13)
be the collection of Di points lying on the circle Tri|ai| = {z : |z| = ri|ai|} uniformly. The
following Lemma 2.8 shows that the positions of the remaining
∑n−1
i=1 Di critical points of
Pn are very ‘close’ to
⋃n−1
i=1 C˜riti.
Lemma 2.8. For any w˜i,j ∈ C˜riti, there exists wi,j, which is a solution of (2.12), such that
|wi,j − w˜i,j| < s1/2|ai| if s is small enough, where 1 ≤ i ≤ n− 1 and 1 ≤ j ≤ Di.
Proof. By a direct calculation, the equation (2.12) is equivalent to
(−1)i−1
(
Diz
Di
zDi − aDii
− di+1
)
+Gi(z) = 0, (2.14)
where
Gi(z) =
∑
1≤j≤n−1, j 6=i
(−1)j−1DjzDj
zDj − aDjj
+ (−1)i−1di+1 + (−1)n−1dn − (d1 − 1)d1z
d1
(d1 − 1)zd1 + 1 . (2.15)
Multiplying both sides of (2.14) by (zDi − aDii )/di, where 1 ≤ i ≤ n− 1, we have
(−1)i−1(zDi + aDii di+1/di) + (zDi − aDii )Gi(z)/di = 0. (2.16)
For each 1 ≤ i ≤ n − 1, define Ωi := {z : |zDi + aDii di+1/di| ≤ s1/2|ai|Di}. By Lemma
2.1(1), if z ∈ Ωi, we have
|z|d1  |ai|d1  s
∑i
j=1(d1/dj)  s. (2.17)
For 1 ≤ j < i and z ∈ Ωi, by Lemma 2.1(2), we have
|z/aj|Dj  |ai/aj|Dj  sα2 ≤ s1+2/dmax , (2.18)
where α2 is defined in (2.3). Similarly, if i < j ≤ n − 1 and z ∈ Ωi, by Lemma 2.1(2) and
(2.2), we have
|aj/z|Dj  |aj/ai|Dj  sα1 ≤ s1+2/dmax . (2.19)
Since Di = di + di+1 for 1 ≤ i ≤ n− 1, we have∑
i<j≤n−1
(−1)j−1Dj + (−1)i−1di+1 + (−1)n−1dn = 0. (2.20)
From (2.15), (2.17), (2.18), (2.19) and (2.20), if z ∈ Ωi, we have
|Gi(z)| =
∣∣∣∣∣ ∑
1≤j<i
(−1)jDj(z/aj)Dj
1− (z/aj)Dj +
∑
i<j≤n−1
(−1)j−1Dj(aj/z)Dj
1− (aj/z)Dj −
(d1 − 1)d1zd1
(d1 − 1)zd1 + 1
∣∣∣∣∣  s.
This means that if z ∈ Ωi, we have
|zDi − aDii | · |Gi(z)|/di  |ai|Dis. (2.21)
By (2.16), (2.21) and the definition of Ωi, there exist Di solutions wi,j of (2.12) such that
wi,j ∈ Ωi by Rouche´’s Theorem, where 1 ≤ j ≤ Di. By Lemma 2.1(3) and (2.13), we have
|wi,j − w˜i,j| < s1/2|ai| if s is small enough. The proof is complete. 
For 1 ≤ i ≤ n − 1, we use Criti := {wi,j : 1 ≤ j ≤ Di} to denote the collection of Di
critical points of Pn which is near the circle Tri|ai|. A connected set X ⊂ C is said separates
0 from ∞ if 0 and ∞ lie in the two different components of C \X respectively. Let X and
Y be two disjoint sets that both separate 0 from ∞ respectively. We denote X ≺ Y if X is
contained in the component of C \ Y which contains 0.
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Lemma 2.9. If s > 0 is small enough, there exist two simply connected domains U0 and
U∞ containing 0 and ∞, respectively, and n− 1 annuli A1, · · · , An−1 satisfying Aj ≺ Ai for
1 ≤ i < j ≤ n− 1, such that
(1) T|ai| ∪ Tri|ai| ∪ Criti ⊂⊂ Ai for 1 ≤ i ≤ n− 1;
(2) Pn(Ai) ⊂ U0 for odd i and Pn(Ai) ⊂ U∞ for even i;
(3) Pn(U0) ⊂ U0 for odd n and Pn(U0) ⊂ U∞ for even n; and
(4) Pn(U∞) ⊂ U∞ ∪ {1}.
Proof. (1) For every 1 ≤ i ≤ n− 1, define the annulus
Ai := {z : (min{ri, 1} − 2s1/2)|ai| < |z| < (max{ri, 1}+ 2s1/2)|ai|},
where ri =
Di
√
di+1/di and s > 0 is small enough. Obviously, T|ai| ∪ Tri|ai| ∪ Criti ⊂⊂ Ai.
Moreover, Ai ∩ Aj = ∅ and Aj ≺ Ai if 1 ≤ i < j ≤ n− 1 since 0 < |aj|  |ai|.
(2) By the definition of ri, we have
(2/dmax)
1
Di ≤ min{ri, 1} ≤ max{ri, 1} ≤ (dmax/2)
1
Di .
This means that if z ∈ Ai and s is small enough, then
|z/ai|di + |ai/z|di+1 < dmax/2 + 1 < dmax (2.22)
since dmax ≥ 3 and at least one of |z/ai| and |z/ai| is less or equal to 1. By the definition of
Pn, define
Φn(z) :=
Pn(z)−Bn
An
· (d1 − 1)z
d1 + 1
d1
. (2.23)
If z ∈ Ai, by (2.22), we have
|Φn(z)| = |z|(−1)n−1dn |zDi − aDii |(−1)
i−1
i−1∏
j=1
|aj|(−1)j−1Dj
n−1∏
j=i+1
|z|(−1)j−1Dj ·Hi(z)
=
{
d2maxs |(z/ai)di − (ai/z)di+1| Hi(z) < d2max(dmax/2 + 1)sHi(z) if i is odd,
d2max |(z/ai)di − (ai/z)di+1|−1 Hi(z) > dmaxHi(z) if i is even,
(2.24)
where
Hi(z) =
i−1∏
j=1
∣∣1− (z/aj)Dj ∣∣(−1)j−1 n−1∏
j=i+1
∣∣1− (aj/z)Dj ∣∣(−1)j−1 .
If z ∈ Ai for 1 ≤ i ≤ n − 1, by Lemma 2.1(2), we have (2.18) and (2.19) since |z|  |ai|.
This means that
|Hi(z)− 1|  s1+2/dmax . (2.25)
By Lemma 2.2(2), we have |An− 1|  s1+2/dmax , |Bn|  s1+2/dmax and |z|d1  |ai|d1  s by
(2.17). For odd i and sufficiently small s > 0, if z ∈ Ai, by (2.23)–(2.25), we have
|Pn(z)| ≤ d1|An| · |Φn(z)|
1− (d1 − 1)|z|d1 + |Bn| < d
4
maxs. (2.26)
Similarly, for even i and sufficiently small s > 0, if z ∈ Ai, we have
|Pn(z)| ≥ d1|An| · |Φn(z)|
1 + (d1 − 1)|z|d1 − |Bn| > dmax ≥ 3. (2.27)
Let U0 := D(0, d4maxs) be the disk centered at the origin with radius d4maxs and U∞ :=
D′2 = Ĉ \ D(−1, 2). Then we have Pn(Ai) ⊂ U0 for odd i and Pn(Ai) ⊂ U∞ for even i.
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(3) Let n ≥ 3 be an odd number and assume that |z| ≤ d4maxs. By Lemma 2.1(1) and
(2.23), we have
|Φn(z)| = d
2
max|z|dn
|an−1|dn
n−1∏
i=1
∣∣∣∣1− zDiaDii
∣∣∣∣(−1)i−1  |z|dn|an−1|dn  s`, (2.28)
where ` = dn(1−
∑n−1
i=1 (1/di)) > 1. Let
˜`= min{`, 1 + 2/dmax} > 1. By Lemma 2.2(2) and
(2.23), we have
|Pn(z)| ≤ d1|An| · |Φn(z)|
1− (d1 − 1)|z|d1 + |Bn|  s
˜`
and hence |Pn(z)| < d4maxs
if s is small enough. This means that Pn(U0) ⊂ U0 for odd n.
If n is even, s is small enough and |z| ≤ d4maxs, we have
|Φn(z)| = |an−1|
dnd2maxs
|z|dn
n−1∏
i=1
∣∣∣∣1− zDiaDii
∣∣∣∣(−1)i−1  |an−1|dns|z|dn  s1−`.
This means that if |z| ≤ d4maxs and s > 0 is small enough, then |Φn(z)| > dmax. Hence, we
have
|Pn(z)| ≥ d1|An| · |Φn(z)|
1 + (d1 − 1)|z|d1 − |Bn| > dmax.
Therefore, Pn(U0) ⊂ Ĉ \ D(0, dmax) ⊂ U∞ for even n. This ends the proof of (3).
(4) Since U∞ = D′2 = Ĉ \ D(−1, 2), it follows by Corollary 2.7 that Pn(U∞) ⊂ U∞ ∪ {1}.
The proof is complete. 
Theorem 2.10. Let |a1| = (d2maxs)1/d1 and |ai| = s1/di |ai−1| be the numbers defined in (2.1)
for 2 ≤ i ≤ n − 1. If the parameter s > 0 is small enough, then the Julia set of Pn is a
Cantor set of circles with a parabolic fixed point 1.
Proof. Let U0 = D(0, d4maxs) and U∞ = Ĉ\D(−1, 2) be the simply connected domains defined
in Lemma 2.9. By Lemma 2.9 (1) and (2), there exists a component Ui of P
−1
n (U0 ∪ U∞)
which contains the the annulus Ai, the round circle T|ai| and the critical points Criti, where
1 ≤ i ≤ n−1. Moreover, Ui∩Ui+1 = ∅ since Pn(Ui)∩Pn(Ui+1) ⊂ U0∩U∞ = ∅ by Lemma 2.9
(2). This means that Ui ∩ Uj = ∅ for different i, j and in particular, Un−1 ≺ · · · ≺ U1 since
Aj ≺ Ai for 1 ≤ i < j ≤ n− 1. By Lemma 2.9 (3) and (4), there exist two components U˜0
and U˜∞ of P−1n (U0∪U∞) such that they contain U0 and U∞ respectively. Then U˜0∩Un−1 = ∅
and U˜∞ ∩ U1 = ∅ since
Pn(U˜0) ∩ Pn(Un−1) = Pn(U˜∞) ∩ Pn(U1) = U0 ∩ U∞ = ∅.
Therefore, U˜0 lies in the component of Ĉ \ Un−1 which contains 0 and U˜∞ lies in the
component of Ĉ \ U1 which contains ∞ (see Figure 3).
For 1 ≤ i ≤ n− 1, we claim that Pn : Ui → U0 with odd i and Pn : Ui → U∞ with even i,
respectively, are branched coverings with degree Di. Recall that Bn is a number defined in
(1.4) satisfying |Bn|  s1+2/dmax by Lemma 2.2. Then we have Bn ∈ U0 if s is small enough.
Let ZPi = {e2piij/Diai : 1 ≤ j ≤ Di} ⊂ Ai be the collection of Di points lying on the circle
T|ai| uniformly, where 1 ≤ i ≤ n− 1. If i is odd, then Pn : Ui → U0 is a branched covering
with degree at least Di since
ZPi ⊂ P−1n (Bn) ∩ Ui ⊂ P−1n (U0) ∩ Ui = Ui.
Similarly, Pn : Ui → U∞ is a branched covering with degree at least Di for even i since
P−1n (∞) ∩ Ui also contains at least Di different points ZPi.
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Figure 3. Sketch illustrating of the mapping relations of P3 = Pd1,d2,d3 and
P4 = Pd1,d2,d3,d4 .
Since Pn(∞) = ∞ and the local degree at ∞ is d1, it follows that Pn : U˜∞ → U∞ is a
branched covering with degree at least d1. If n = 2m+1 ≥ 3 is odd, then P−1n (U∞) contains
W1 := U˜∞∪
⋃m
k=1 U2k. The degree of the restriction of Pn on W1 is at least d1 +
∑m
k=1D2k =∑n
i=1 di, which is equal to the degree of Pn. This means that P
−1
n (U∞) = W1, deg(Pn :
U˜∞ → U∞) = d1 and deg(Pn : U2k → U∞) = D2k for 1 ≤ k ≤ m. On the other hand,
P−1n (U0) contains W2 := U˜0 ∪
⋃m
k=1 U2k−1. Since Pn(0) = Bn ∈ U0 and the local degree at 0
is dn, it follows that Pn : U˜0 → U0 is a branched covering with degree at least dn. Then the
degree of the restriction of Pn on W2 is at least dn+
∑m
k=1D2k−1 =
∑n
i=1 di = deg(Pn). This
means that P−1n (U0) = W2, deg(Pn : U˜0 → U0) = dn and deg(Pn : U2k−1 → U∞) = D2k−1
for 1 ≤ k ≤ m. This ends the proof of the claim in the case of odd n. If n is even, the
argument is completely similar and we omit the details here (see right picture in Figure 3).
Note that for each 1 ≤ i ≤ n− 1, the open set Ui contains at least Di critical points, and
U˜0, U˜∞ contain at least dn − 1 and d1 − 1 critical points respectively. This means that Ui,
U˜0 and U˜∞, respectively, contain exactly Di = di + di+1, dn − 1 and d1 − 1 critical points
since Pn contains exactly 2
∑n
i=1 di−2 critical points. By Riemann-Hurwitz formula, Ui has
Euler characteristic zero and hence must be an annulus. The opens sets U˜0 and U˜∞ both
have Euler characteristic one and hence must be two topological disks. Moreover, Ui is an
annulus separating 0 from ∞ for every 1 ≤ i ≤ n− 1 since Ui is disjoint with U˜0 ∪ U˜∞ and
Ui contains the annulus Ai which is defined in Lemma 2.9.
Define a closed annulus V := Ĉ\ (U0∪U∞). Then P−1n (V ) consists of n annuli V1, · · · , Vn
which satisfies Vn ≺ Vn−1 ≺ · · · ≺ V1 since V is disjoint with the critical orbits of Pn. For
1 ≤ j ≤ n, each Pn : Vj → V is a covering map with degree dj. The Julia set of Pn is
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J(Pn) =
⋂
k≥0 P
−k
n (V ). Let gi : V → Vj be the inverse branch of Pn : Vj → V for 1 ≤ j ≤ n.
Then each component of J(Pn) can be written as Jj1j2···jk··· =
⋂∞
k=1 gjk · · · gj2 ◦ gj1(V ), where
(j1, j2, · · · , jk, · · · ) is an infinite sequence satisfying 1 ≤ jk ≤ n. By the construction, each
component Jj1j2···jk··· is a compact set separating 0 and ∞. Since Pn is geometrically finite,
it follows that the Julia component Jj1j2···jk··· is locally connected (see [TY] and [PT]).
Let E = J ′ ∪ J ′′, where J ′ = Jn,n,··· ,n,··· = ∂D0 and J ′′ = J1,1,··· ,1,··· = ∂D∞ and D0, D∞
are the Fatou components containing U0 and U∞ respectively. Let A = Ĉ \ (D0 ∪D∞) be
the annulus determined uniquely by J ′ and J ′′. Then each component A′ of P−1n (A) satisfies
A′ ⊂ A and the identity id : A′ ↪→ A is not homotopic to a constant map. We now divide
the arguments into two cases. The first case: if the forward orbit of the Julia component
Jj1j2···jk··· is contained in A, then Jj1j2···jk··· is a Jordan curve by [PT, Lemma 2.4, Case 2]
and [PT, Proposition Case 2] (Note that [PT, Lemma 2.4] holds for geometrically finite
rational maps (see [PT, §9]). The second case: Jj1j2···jk··· is eventually iterated onto J ′ or
J ′′ by Pn. Note that Pn : (V1 ∪ U˜∞)o → (V ∪U∞)o is a polynomial-like map with degree d1,
where the superscript ‘o’ means the interior of a set. By Douady and Hubbard’s Straighten
Theorem [DH, p. 296], Pn : (V1 ∪ U˜∞)o → (V ∪ U∞)o is quasiconformally equivalent to a
parabolic polynomial P˜n with degree d1. Note that ∞ is the unique critical point of Pn in
(V1 ∪ U˜∞)o. This means that P˜n is conformally conjugated to gd1(z) = (zd1 + d1 − 1)/d1. It
is well known that the Julia set of gd1 is a Jordan curve. Hence the Julia component J
′′ is a
Jordan curve. Similarly, one can prove that the Julia component J ′ is a Jordan curve since
either Pn(J
′) = J ′′ (n is even) or Pn : (U˜0 ∪ Vn)o → (U0 ∪ V )o is a polynomial-like map with
degree dn which is quasiconformally conjugated to z 7→ zdn (n is odd). This means that
Jj1j2···jk··· is a Jordan curve since it was eventually iterated onto J
′ or J ′′ by Pn and there
are no critical points on J(Pn).
Up to now, we have proved that all the Julia components of Pn are Jordan curves. On the
other hand, the dynamics on the Julia components {Jj1j2···jk··· : 1 ≤ jk ≤ n} is isomorphic
to the one-sided shift on the space of n symbols Σn := {1, · · · , n}N. In particular, the Julia
set J(Pn) is homeomorphic to Σn × S1, which is a Cantor set of circles, as desired. This
ends the proof of Theorem 2.10 and hence Theorem 1.2. 
Figure 4. The zoom of the Julia sets of P3,3 and P4,4,4 near the Fatou com-
ponents containing the origin with the same parameters as defined in the
introduction. Figure ranges: [−0.2, 0.2]2 and [−2.5× 10−3, 2.5× 10−3]2.
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3. Cantor circles with two parabolic fixed points
In this section, we construct a family of non-hyperbolic rational maps with Cantor circles
Julia sets such that each one of them has two parabolic fixed points lying on two fixed
simply connected parabolic basins. The construction is more difficult than before since we
have to control two fixed parabolic Fatou components.
Before we provide the specific formulas of the rational maps which satisfy the above
conditions, we recommend the reader to take a look at the left picture in Figure 10 in which
a rough indication of the dynamics of such rational maps has been made. Let n ≥ 3 be an
odd number and d1, · · · , dn be n positive integers such that
∑n
i=1(1/di) < 1. We define
Qd1,··· ,dn(z) =
d1z
dn
(d1 − 1)Xnzd1 + Ynz + Zn
n−1∏
i=1
(zdi+di+1 − bdi+di+1i )(−1)
i−1
+Wn, (3.1)
where b1, · · · , bn−1 are n − 1 small positive real numbers and Xn, Yn, Zn,Wn are numbers
depending only on b1, · · · , bn−1 which will be determined later. Our main work in this
section is to find suitable Xn, Yn, Zn and Wn such the Julia set of each Qd1,··· ,dn is a Cantor
set of circles containing two parabolic fixed points. The difficult we will face first is to locate
the position of the two parabolic fixed points. As in §2, we can arrange one of the parabolic
fixed points is 1. For another parabolic fixed point, we do it by trial-and-error method (see
the remark in the last part of this section).
As in §2, denote the maximal number among d1, · · · , dn by dmax ≥ 3. Let
τ := (d1dnd
2(d1−dn)/d1
max )
1/
∑n−1
i=1 (dn/di) > 0 (3.2)
be a constant depending only on d1, · · · , dn and define b1, · · · , bn−1 as
b1 = (d
2
maxτs)
1/d1 and bi = (τs)
1/di bi−1 for 2 ≤ i ≤ n− 1, (3.3)
where the parameter s > 0 is small enough such that 1 b1  b2  · · ·  bn−1 > 0.
For simplicity, we use Qn to denote Qd1,··· ,dn as defined in (3.1). Moreover, define Di :=
di + di+1 as in §2, where 1 ≤ i ≤ n− 1. Note that
∑n
i=1(1/di) < 1, we have
ν :=
dn
dn − 1
n−1∑
i=1
1
di
< 1. (3.4)
Lemma 3.1. For 1 ≤ i ≤ n − 1, we have sDiν/bDii  sα3, where α3 = α3(i, d1, · · · , dn) ≥
(1 + 2/dmax)ν.
Proof. By (3.3), we have sDiν/bDii = (s
ν/bi)
Di  sα3 , where
α3 = (
dn
dn − 1
n−1∑
j=1
1
dj
−
i∑
j=1
1
dj
)(di + di+1) =
di + di+1
dn − 1
n−1∑
j=1
1
dj
+ (di + di+1)
n−1∑
j=i+1
1
dj
.
Note that 2 ≤ dj ≤ dmax for 1 ≤ j ≤ n. If i = n− 1, we have
α3 =
dn−1 + dn
dn − 1
n−1∑
j=1
1
dj
= (1 +
dn−1
dn
)ν ≥ (1 + 2
dmax
)ν.
If 1 ≤ i < n− 1, we have
α3 =
di + di+1
dn
ν + 1 + di+1
n−1∑
j=i+2
1
dj
+ di
n−1∑
j=i+1
1
di
≥ 5
dmax
ν + 1 +
2
dmax
> (1 +
2
dmax
)ν.
The proof is complete. 
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Lemma 3.2. There exist suitable Xn ≈ 1, Yn ≈ 0, Zn ≈ 1 and Wn ≈ 0 in (3.1) such that
Qn has two parabolic fixed points 1 and s
ν and both with multiplier 1, where
lim
s→0+
Xn − 1
sν
=
d1(d1 − 3)(dn − 1)
(d1 − 1)2dn , lims→0+
Yn
sν
=
2d1(dn − 1)
(d1 − 1)dn ,
lim
s→0+
Zn − 1
sν
= 0 and lim
s→0+
Wn
sν
=
dn − 1
dn
.
(3.5)
Proof. We find Xn, Yn, Zn and Wn by solving four equations. By Qn(1) = 1, we have
d1ρ1
(d1 − 1)Xn + Yn + Zn +Wn = 1, where ρ1 =
n−1∏
i=1
(1− bDii )(−1)
i−1
. (3.6)
By Qn(s
ν) = sν , we have
Qn(s
ν)
sν
=
ρ2
(d1 − 1)sd1νXn + sνYn + Zn +
Wn
sν
= 1, (3.7)
where
ρ2 = d1s
(dn−1)ν
n−1∏
i=1
(sDiν − bDii )(−1)
i−1
. (3.8)
By the definitions of τ and ν in (3.2) and (3.4), it follows that τ (dn−1)ν = d1dnd
2(d1−dn)/d1
max .
Since b1 = (d
2
maxτs)
1/d1 and bi = (τs)
1/di bi−1 for 2 ≤ i ≤ n− 1, we have
n−1∏
i=1
b
(−1)i−1Di
i =
d2max
bdnn−1
=
d
2(d1−dn)/d1
max
(τs)dn((1/d1)+···+(1/dn−1))
=
d
2(d1−dn)/d1
max
(τs)(dn−1)ν
=
1
d1dns(dn−1)ν
. (3.9)
Note that n ≥ 3 is odd, then by Lemma 3.1, (3.8) and (3.9), we have∣∣∣∣ρ2 − 1dn
∣∣∣∣ = 1dn
∣∣∣∣∣
n−1∏
i=1
(
1− s
Diν
bDii
)(−1)i−1
− 1
∣∣∣∣∣  s(1+2/dmax)ν . (3.10)
In order to calculate the derivation of Qn, we consider
zQ′n(z)
Qn(z)−Wn =
n−1∑
i=1
(−1)i−1DizDi
zDi − bDii
+ dn − (d1 − 1)d1Xnz
d1 + Ynz
(d1 − 1)Xnzd1 + Ynz + Zn .
Then Q′n(1) = 1 and Q
′
n(s
ν) = 1 are equivalent to the following two equations:
1
1−Wn = ρ3 +
(d1 − 1)Yn + d1Zn
(d1 − 1)Xn + Yn + Zn , (3.11)
and
1
1−Wn/sν = ρ4 + dn −
(d1 − 1)d1sd1νXn + sνYn
(d1 − 1)sd1νXn + sνYn + Zn , (3.12)
where
ρ3 =
n−1∑
i=1
(−1)i−1Di bDii
1− bDii
and ρ4 =
n−1∑
i=1
(−1)i−1DisDiν
sDiν − bDii
. (3.13)
For a ∈ R and r > 0, let I(a, r) := {x ∈ R : |x − a| < r} be the interval centered at a
with length 2r. Lemma 3.2 holds if the following Lemma 3.3 has been proved. 
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Lemma 3.3. The set of four equations (3.6), (3.7), (3.11) and (3.12) has a solution
(Xn, Yn, Zn,Wn) in
Θ := I(1 + xnsν , sν+β1)× I(ynsν , sν+β2)× I(1, sν+β3)× I(wnsν , sν+β4),
where 0 < β1 < β2 < β3 < β4 ≤ ν/dmax and
xn =
d1(d1 − 3)(dn − 1)
(d1 − 1)2dn , yn =
2d1(dn − 1)
(d1 − 1)dn and wn =
dn − 1
dn
. (3.14)
Proof. In order to simplify the notations, we use x, y, z and w to denote Xn, Yn, Zn and Wn
respectively. According to (3.6), (3.7), (3.11) and (3.12), we define
f1(x, y, z, w) :=
d1ρ1
(d1 − 1)x+ y + z + w − 1,
f2(x, y, z, w) :=
ρ2
(d1 − 1)sd1νx+ sνy + z +
w
sν
− 1,
f3(x, y, z, w) :=
1
1− w − ρ3 −
(d1 − 1)y + d1z
(d1 − 1)x+ y + z , and
f4(x, y, z, w) :=
1
1− w/sν − ρ4 − dn +
(d1 − 1)d1sd1νx+ sνy
(d1 − 1)sd1νx+ sνy + z .
(3.15)
We want to prove the collection of four equations fi(x, y, z, w) = 0, where 1 ≤ i ≤ 4, has a
solution in a small neighborhood of (1, 0, 1, 0) if s > 0 is small enough.
Let β1, β2, β3, β4 > 0 be four positive numbers satisfying 0 < β1 < β2 < β3 < β4 ≤ ν/dmax.
We denote F := (f1, f2, f3, f4)
T. For Λ = (x, y, z, w) ∈ R4, the Newton’s method of F is
defined as
NF (Λ) := Λ
T − Jac(Λ)−1F (Λ), (3.16)
where Jac(Λ) is the Jacobi matrix of (3.15) at Λ. If the sequence {Λk = N◦kF (Λ)}k∈N is
convergent, then the limit of this sequence is a zero solution of (3.15). However, in our case,
it is not easy to prove that {Λk}k∈N is convergent in Θ. Instead, we will prove NF (Θ) ⊂ Θ
if s > 0 is small enough. Then (3.15) has a zero solution in Θ by Brouwer’s Fixed Point
Theorem.
Let Λ0 := (x0, y0, z0, w0) = (1+xns
ν+t1s
ν+β1 , yns
ν+t2s
ν+β2 , 1+t3s
ν+β3 , wns
ν+t4s
ν+β4) ∈
Θ be an initial point, where |ti| ≤ 1 for 1 ≤ i ≤ 4. Comparing (2.1) with (3.3), it follows
that ai and bi has the same order in s for all 1 ≤ i ≤ n− 1. By the definition of ρ1 in (3.6),
ρ3 in (3.13) and Lemma 2.2 (2), we have
|ρ1 − 1|  s1+2/dmax and |ρ3|  s1+2/dmax . (3.17)
Similarly, by (3.10), Lemma 3.1 and the definition of ρ4 in (3.13), we have
|ρ2 − 1/dn|  s(1+2/dmax)ν and |ρ4|  s(1+2/dmax)ν . (3.18)
The inverse of the Jacobi matrix of (3.15) at Λ0 is equal to
Jac(Λ0)
−1 =

∂f1
∂x
∂f1
∂y
∂f1
∂z
∂f1
∂w
∂f2
∂x
∂f2
∂y
∂f2
∂z
∂f2
∂w
∂f3
∂x
∂f3
∂y
∂f3
∂z
∂f3
∂w
∂f4
∂x
∂f4
∂y
∂f4
∂z
∂f4
∂w

−1
Λ0
=

−d1(d1−2)
(d1−1)2 − dn(d1−1)2 d1(d1−1)2 1(d1−1)2dn
− d1
d1−1
d1dn
d1−1 − d1d1−1 − d1(d1−1)dn
0 −dn 0 1/dn
0 0 0 0
+O(sν),
where O(sν) means that every element in the matrix Jac(Λ0)−1 is differ at most Csν from
the corresponding element in the matrix at the rightmost above and C < +∞ is a positive
constant depending only on d1, · · · , dn.
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Now we can estimate F (Λ0). By (3.14), we have
f1(Λ0) = −d1 − 1
d1
t1s
ν+β1 − 1
d1
t2s
ν+β2 − 1
d1
t3s
ν+β3 + t4s
ν+β4 +O(sς1),
f2(Λ0) = − 1
dn
t3s
ν+β3 + t4s
β4 +O(sς2),
f3(Λ0) =
d1 − 1
d1
t1s
ν+β1 − d1 − 2
d1
t2s
ν+β2 − d1 − 1
d1
t3s
ν+β3 + t4s
ν+β4 +O(sς1), and
f4(Λ0) = d
2
nt4s
β4 +O(sς2).
where ς1 ≥ min{2ν, 1 + 2/dmax} and ς2 ≥ (1 + 2/dmax)ν. Note that ς1 > ς2. Then we have
Jac(Λ0)
−1F (Λ0) = Jac(Λ0)−1

f1(Λ0)
f2(Λ0)
f3(Λ0)
f4(Λ0)
 =

t1s
ν+β1 +O(sv+β4)
t2s
ν+β2 +O(sv+β4)
t3s
ν+β3 +O(sς2)
t4s
ν+β4 + o(s2v)
 .
Let Λ1 = NF (Λ0) = (x1, y1, z1, w1). By (3.16), we have
|x1 − (1 + xnsν)|  sν+β4 , |y1 − ynsν |  sν+β4 , |z1 − 1|  sς2 and |w1 − wnsν |  s2ν .
By the choice of β1, β2, β3 and β4, this means that NF (Θ) ⊂ Θ if s > 0 is small enough.
According to Brouwer’s Fixed Point Theorem, every continuous function f defined from a
convex compact subset K of a Euclidean space to K itself has a fixed point. Since NF is
continuous, Θ is convex and compact, it follows that the set of equations (3.15) has a zero
solution in Θ. This ends the proof of Lemma 3.3 and hence Lemma 3.2 holds. 
As a remark, we explain here how to find the constants xn, yn and wn which are defined
in (3.14). By the expressions of ρ1, ρ2, ρ3 and ρ4, we have (ρ1, ρ2, ρ3, ρ4)→ (1, 1/dn, 0, 0) as
s → 0+. As a priori, it is naturally conjecture that the set of four equations (3.15) has a
zero solution near (1, 0, 1, 0) if s is small enough.
By (3.7) and (3.10), we have lims→0+ Wn/sν = (dn − 1)/dn = wn. As a priori, let
Xn = 1 + xns
ν + o(sν), Yn = yns
ν + o(sν) and Zn = 1 + zns
ν+ς + o(sν+ς) for some ς > 0. By
(3.6) and (3.11), if we compare the order sν , we have
((d1 − 1)Xn + Yn + Zn)2 − d1((d1 − 1)Yn + d1Zn) = o(sν),
which is equivalent to
2(d1 − 1)xn = (d1 − 3)yn. (3.19)
Since lims→0+ Wn/sν = wn, if we compare the order sν in the two sides of equation (3.6),
we have
(d1 − 1)xn + yn = d1(dn − 1)/dn. (3.20)
Combining (3.19) and (3.20), we then have (3.14).
As a special case of Lemma 3.2, if di = K for 1 ≤ i ≤ n and K ≥ n + 1, then ν =
(n− 1)/(K − 1) and
lim
s→0+
Xn − 1
sν
=
K − 3
K − 1 , lims→0+
Yn
sν
= 2,
lim
s→0+
Zn − 1
s2ν
= −2(K + 1)
K
and lim
s→0+
Wn
sν
=
K − 1
K
.
(3.21)
Let ϕ(z) = sν/z, define
Q̂n := ϕ ◦Qn ◦ ϕ−1.
QUASISYMMETRIC GEOMETRY OF THE CANTOR CIRCLES 21
Note that the conjugacy ϕ exchanges the two parabolic fixed points 1 and sν . The following
Lemma 3.4 indicates that the rational maps Qn and Q̂n, respectively, can be served as a
small perturbation of hd1(z) = d1z
d1/((d1− 1)zd1 + 1) and hdn(z) = dnzdn/((dn− 1)zdn + 1),
which are parabolic maps defined in (2.5).
Lemma 3.4. The rational maps Qn and Q̂n, respectively, converge to hd1 and hdn locally
uniformly on Ĉ \ {0} as the parameter s > 0 tends to zero.
Proof. Let Xn, Yn, Zn and Wn be the four numbers in (3.1). Since n ≥ 3 is odd, we have
Qn(z) =
d1z
dn
(d1 − 1)Xnzd1 + Ynz + Zn
zd1+d2 − bd1+d21
zd2+d3 − bd2+d32
· · · z
dn−2+dn−1 − bdn−2+dn−1n−2
zdn−1+dn − bdn−1+dnn−1
+Wn.
By Lemma 3.2, it follows that Xn and Zn tend to 1, b1, · · · , bn−1, Yn and Wn tend to 0
as s > 0 tends to 0. By the expressions of Qn, it follows that Qn converges to hd1 locally
uniformly on Ĉ \ {0} as s > 0 tends to zero.
Note that n ≥ 3 is odd. By (3.9) and making a straightforward calculation, we have
1/Q̂n(z) =
1/dn
(d1 − 1)Xnsd1νzdn−d1 + Ynsνzdn−1 + Znzdn
n−1∏
i=1
(1− s
Diν
bDii z
Di
)(−1)
i−1
+
Wn
sν
.
By Lemma 3.2, we have lims→0+ Wn/sν = 1 − 1/dn. For any z ∈ Ĉ \ {0}, we know that
(d1−1)Xnsd1νzdn−d1+Ynsνzdn−1+Znzdn tends to zdn as s→ 0+ since (Xn, Yn, Zn)→ (1, 0, 1).
Moreover, by Lemma 3.1 or (3.10), we know that
∏n−1
i=1 (1 − sDiν/(biz)Di)(−1)
i−1
tends to 1
as s → 0+ if z 6= 0. This means that 1/Q̂n(z) tends to z 7→ ((dn − 1)zdn + 1)/(dnzdn).
Equivalently, Q̂n tends to hdn as s > 0 tends to zero. 
Theorem 3.5. Let b1 = (d
2
maxτs)
1/d1 and bi = (τs)
1/di bi−1 be the numbers defined in (3.3)
for 2 ≤ i ≤ n− 1. There exist suitable Xn, Yn, Zn and Wn such that if the parameter s > 0
is small enough, then the Julia set of Qn is a Cantor set of circles with two parabolic fixed
points 1 and sν.
Proof. We will not give the very detailed proof of Theorem 3.5 since the proof technique is
almost the same as that in the last section. By Lemmas 2.3 and 3.4, the parabolic maps
Pn and Qn can be both seen as a small perturbation of hd1 . Compare (2.1) and (3.3), the
parameters ai in Pn and bi in Qn are chosen in the same order of s and the only difference
is the constant τ . As in Lemma 2.8, besides 0 and ∞, the rest ∑n−1i=1 Di critical points⋃n−1
i=1 Criti of Qn are very ‘close’ to the reference points
⋃n−1
i=1 {ribiepii(2j−1)/Di : 1 ≤ j ≤ Di},
where ri :=
Di
√
di+1/di and 1 ≤ i ≤ n − 1. Hence, as in Lemma 2.9, there exist a simply
connected domain U∞ such thatQn(U∞) ⊂ U∞∪{1} and n−1 annuli A1, · · · , An−1 satisfying
An−1 ≺ · · · ≺ A1 and each Ai contains Tbi ∪ Tribi ∪ Criti compactly.
Similar to the argument of (2.27), one can obtain Qn(Ai) ⊂ U∞ for even i. Now we prove
the existence of U0 such that Qn(Ai) ⊂ U0 for odd i and U0 is contained in the immediate
parabolic basin of sν . By Lemma 3.4, the map Q̂n(z) can be regarded as a small perturbation
of the parabolic map hdn(z) = dnz
dn/((dn − 1)zdn + 1). Therefore, the immediate parabolic
basin of 1 of Q̂n ‘almost’ contains the outside of the closed unit disk by Lemma 2.4 (compare
Corollary 2.7). This means that the immediate parabolic basin of sν of Qn ‘almost’ contains
the round disk D(0, sν) (see Figure 5). In particular, let U0 := D(sν/4, 3sν/4), then U0 is
contained in the immediate parabolic basin of sν . By (2.26), one can also obtain that Qn
maps the annulus Ai to a round disk with radius less than Cs for odd i, where C > 0 is a
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constant depending only on d1, · · · , dn. Note that ν < 1, this means that Qn(Ai) ⊂ U0 for
odd i if s is small enough.
Up to now, we have obtained the four conclusions which are parallel to Lemma 2.9 for
the rational map Qn. By applying a completely similar argument in the proof of Theorem
2.10, one can prove the Julia set of Qn is a Cantor set of circles. This ends the proof of
Theorem 3.5 and hence Theorem 1.3. 
We now give a specific example such the Julia set of Qd1,··· ,dn is a Cantor set of circles.
Let n = 3, d1 = d2 = d3 = 4 and s = 10
−8. By (3.2)–(3.4), we have dmax = 4, τ = 4,
ν = 2/3, b1 = (d
2
maxτs)
1/d1 = 2
√
2 × 10−2 and b2 = (τs)1/d2b1 = 4 × 10−4. By (3.6), (3.8),
(3.13) and a direct calculation, we have
ρ1 ≈ 1− 4.096× 10−13, ρ2 ≈ 0.25 + 10−16, ρ3 ≈ 3.2768× 10−12 and ρ4 ≈ 2.6× 10−15.
Solving the following set of equations which corresponds to (3.6), (3.7), (3.11) and (3.12)
with unknown numbers X3, Y3, Z3 and W3:
4ρ1 = (1−W3)(3X3 + Y3 + Z3)
ρ2 = (1− 1016/3W3)(3× 10−64/3X3 + 10−16/3Y3 + Z3)
1/(1−W3) = ρ3 + (3Y3 + 4Z3)/(3X3 + Y3 + Z3)
1
1− 1016/3W3 = ρ4 + 4−
12× 10−64/3X3 + 10−16/3Y3
3× 10−64/3X3 + 10−16/3Y3 + Z3 ,
we have
X3 ≈ 1 + 1.5471913857× 10−6, Y3 ≈ 9.2832930409× 10−6,
Z3 ≈ 1− 5.38605× 10−11 and W3 ≈ 3.4811916252× 10−6.
The Julia set of
Q4,4,4(z) =
4z4(z8 − b81)
(3X3z4 + Y3z + Z3)(z8 − b82)
+W3,
is a Cantor set of circles with two parabolic fixed points 1 and sν = 10−16/3 ≈ 4.64 × 10−6
(see Figure 5 and compare Figure 2).
To finish this section, we say some words about the expression of Qd1,··· ,dn defined in (3.1).
One may ask why we don’t choose the following expression for consideration:
Q˜d1,··· ,dn(z) =
d1(X˜nz
dn + Y˜nz + Z˜n)
(d1 − 1)zd1 + 1
n−1∏
i=1
(zdi+di+1 − bdi+di+1i )(−1)
i−1
+ W˜n.
This map can be also regarded as a perturbation of the parabolic rational map hd1(z) =
d1z
d1/((d1 − 1)zd1 + 1) as (X˜n, Y˜n, Z˜n, W˜n) → (1, 0, 0, 0) and bi → 0 for 1 ≤ i ≤ n − 1.
Actually, we did it originally. We try to find suitable X˜n ≈ 1, Y˜n ≈ 0, Z˜n ≈ 0 and W˜n ≈ 0
such that Q˜d1,··· ,dn has two parabolic fixed points and the corresponding Julia set is a Cantor
set of circles. Unfortunately, it is easy to find X˜n, Y˜n, Z˜n and W˜n such that Q˜d1,··· ,dn has
two parabolic fixed points 1 and sν and both with multiplier 1, but it cannot grantee the
Julia set of Q˜d1,··· ,dn is a Cantor set of circles. An important reason is we cannot control the
critical orbits near the parabolic fixed point sν since there are dn−1 different critical points
there. What we have done is to let the dn − 1 different critical points near sν to become
only one, but with multiplicity dn − 1. This is the essential reason why we choose Qd1,··· ,dn
but not Q˜d1,··· ,dn eventually.
Finally, we say some words about the constant ν defined in (3.4). As the order of the
parabolic fixed point sν , this number was found by considering (2.28). Note that (2.28) is
an inequality. What we want to obtain is an equation Qn(s
ν) = sν . Comparing the order
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Figure 5. The Julia set of Q4,4,4 and its zoom near the parabolic fixed point
sν ≈ 4.64×10−6 for suitable parameters, which is a Cantor set of circles. The
white and gray parts in the Figure denote the Fatou components which are
iterated to the parabolic fixed Fatou components whose boundaries containing
sν and 1 respectively. Figure ranges: [−1, 1]2 and [−10−5, 10−5]2.
of s in both sides of sdnν/bdnn−1  sν , we have dnν −
∑n−1
i=1 (dn/di) = ν by (3.3). The solution
of ν in this equation is just (3.4), as desired.
4. Cantor circles with parabolic periodic points
In this section, we will construct a family of non-hyperbolic rational maps whose Julia
sets are Cantor circles such that each one of them has a parabolic periodic Fatou component
with period 2. The construction is the most difficult case among all the constructions of the
Cantor circles (including the constructions in [QYY]) since we need to control the sizes of
two parabolic periodic Fatou components and locate the positions of two parabolic periodic
points which lie on the boundaries of these two parabolic basins.
As in last section, we recommend the reader to take a look at the right picture in Figure
10 in which a rough indication of the dynamics of such rational maps has been made. Let
n ≥ 3 be an odd number and d1, · · · , dn be n positive integers such that
∑n
i=1(1/di) < 1.
We define
Rd1,··· ,dn(z) =
Sn
zdn
n−1∏
i=1
(zdi+di+1 − cdi+di+1i )(−1)
i
+ Tn, (4.1)
where c1, · · · , cn−1 are n− 1 small real numbers and Sn, Tn are numbers depending only on
c1, · · · , cn−1. As before, let dmax ≥ 3 be the maximal number among d1, · · · , dn. Set
c1 = (d
2
maxs)
1/d1 and ci = s
1/di ci−1 for 2 ≤ i ≤ n− 1, (4.2)
where s > 0 is the parameter which is small enough.
In the following, we show that there exist suitable Sn and Tn such the Julia set ofRd1,··· ,dn is
a Cantor set of circles which contain two parabolic periodic points with period 2. Actually,
the largest trouble in the construction of Rd1,··· ,dn has been solved since we have already
wrote the specific expression for Rd1,··· ,dn . The next problem is to locate the positions of
two parabolic periodic points. As in §2, we can set 1 as one of the parabolic periodic point.
For another parabolic periodic point, we find it by solving a set of equations.
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For simplicity, we use Rn to denote Rd1,··· ,dn for the fixed integers d1, · · · , dn satisfying∑n
i=1(1/di) < 1. As before, define Di := di + di+1, where 1 ≤ i ≤ n− 1.
Lemma 4.1. There exist suitable Sn and Tn such that Rn has a parabolic periodic orbits
1 ↔ z0 with multiplier 1. In particular, Rn(1) = z0, Rn(z0) = 1 and R′n(1)R′n(z0) = 1.
Moreover,
lim
s→0+
Sn/s
ν = µ, lim
s→0+
Tn/s
ν = (d1dn − 1)µ and lim
s→0+
z0/s
ν = d1dnµ, (4.3)
where ν is the constant depending only on d1, · · · , dn which was defined in (3.4) and
µ = (d1dn)
− dn
dn−1d
2(dn−d1)
d1(dn−1)
max . (4.4)
Proof. Let
Sn = µs
νIn, Tn = (d1dn − 1)µsνJn and z0 = d1dnµsνz1. (4.5)
We need to show that In, Jn and z1 all tend to 1 as s > 0 tends to 0. By Rn(1) = z0 and
(4.1), we have z0 = Rn(1) = κ1Sn + Tn, which means that
d1dnz1 = κ1In + (d1dn − 1)Jn, where κ1 =
n−1∏
i=1
(1− cDii )(−1)
i
. (4.6)
Since c1 = (d
2
maxs)
1/d1 and ci = s
1/di ci−1 for 2 ≤ i ≤ n− 1 by (4.2), we have
n−1∏
i=1
c
(−1)iDi
i =
cdnn−1
d2max
=
sdn((1/d1)+···+(1/dn−1))
d
2(d1−dn)/d1
max
=
s(dn−1)ν
d
2(d1−dn)/d1
max
. (4.7)
By the condition Rn(z0) = 1, (4.7) and the definitions of ν in (3.4) and µ in (4.4), we have
1 = Rn(z0) = κ2In/z
dn
1 + (d1dn − 1)µsνJn, (4.8)
where
κ2 =
n−1∏
i=1
(
zDi0
cDii
− 1
)(−1)i
=
n−1∏
i=1
(
(d1dnµs
ν)DizDi1
cDii
− 1
)(−1)i
. (4.9)
In order to calculate the derivation of Rn, we consider
zR′n(z)
Rn(z)− Tn =
n−1∑
i=1
(−1)iDizDi
zDi − cDii
− dn.
Then we have following two equations:
R′n(1)
z0 − Tn = κ3 − d1 and
z0R
′
n(z0)
1− Tn = κ4 − dn, (4.10)
where
κ3 =
n−1∑
i=1
(−1)iDi cDii
1− cDii
and κ4 =
n−1∑
i=1
(−1)iDizDi0
zDi0 − cDii
=
n−1∑
i=1
(−1)iDi(d1dnµsν)DizDi1
(d1dnµsν)Diz
Di
1 − cDii
. (4.11)
By the condition R′n(1)R
′
n(z0) = 1 and (4.10), we have
z0
(z0 − Tn)(1− Tn) = (κ3 − d1)(κ4 − dn). (4.12)
This equation is equivalent to
z1
(d1dnz1 − (d1dn − 1)Jn)(1− (d1dn − 1)µsνJn) = (1−
κ3
d1
)(1− κ4
dn
). (4.13)
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By the formulas of κ1, κ2, κ3 and κ4 in (4.6), (4.9) and (4.11), we have (κ1, κ2, κ3, κ4) →
(1, 1, 0, 0) as s→ 0+. On the other hand, if s = 0 and (κ1, κ2, κ3, κ4) = (1, 1, 0, 0), then the
set of three equations (4.6), (4.8) and (4.13) has a solution (In, Jn, z1) = (1, 1, 1). By using
the Newton’s method as in the proof of Lemma 3.3, one can also show that the solution
(In, Jn, z1) ≈ (1, 1, 1) satisfying (4.6), (4.8) and (4.13) exists. We omit the details here. 
Let ψ(z) = z0/z, where z0 ≈ d1dnµsν is the parabolic periodic point of Rn appeared in
Lemma 4.1. Define
R̂n := ψ ◦Rn ◦ ψ−1.
Note that the conjugacy ψ exchanges the two parabolic periodic points 1 and z0 by (4.3).
The following Lemma 4.2 indicates that the rational maps R◦2n and R̂
◦2
n both can be served
as a small perturbation of two parabolic rational maps.
Lemma 4.2. The rational maps R◦2n and R̂
◦2
n , respectively, converge to
hd1,dn(z) =
(d1dn)
dnzd1dn
(1 + (d1dn − 1)zd1)dn and hd1dn(z) =
d1dnz
d1dn
1 + (d1dn − 1)zd1dn (4.14)
locally uniformly on Ĉ \ {0} as the parameter s > 0 tends to zero.
Proof. Let Sn and Tn be the two numbers in (4.1). Since n ≥ 3 is odd, we have
Rn(z) =
Sn
zdn
zd2+d3 − cd2+d32
zd1+d2 − cd1+d21
· · · z
dn−1+dn − cdn−1+dnn−1
zdn−2+dn−1 − cdn−2+dn−1n−2
+ Tn.
By (4.2), it follows that c1, · · · , cn−1 → 0 as s→ 0+. This means that Rn(z)/(Sn/zd1 + Tn)
converges to 1 locally uniformly in Ĉ \ {0} as s → 0+. By Lemma 4.1, lims→0+ Sn/sν = µ
and lims→0+ Tn/sν = (d1dn − 1)µ. This means that Sn/zd1 + Tn  sν if z 6= 0. By Lemma
3.1 and compare (3.3) and (4.2), we have lims→0+(Sn/zd1 + Tn)Di/c
Di
i = 0. Therefore, by
(4.3), (4.4) and (4.7), we have
lim
s→0+
Rn(Rn(z)) = lim
s→0+
Sn
(Sn/zd1 + Tn)dn
n−1∏
i=1
c
(−1)iDi
i =
(d1dn)
dnzd1dn
(1 + (d1dn − 1)zd1)dn . (4.15)
This means that R◦2n converges to hd1,dn locally uniformly on Ĉ \ {0} as s→ 0+.
Note that n ≥ 3 is odd. After making a straightforward calculation, we have
Rn ◦ ψ(z) = Rn(z0/z) = Snz
dn
zdn0
n−1∏
i=1
c
(−1)iDi
i
n−1∏
i=1
(1− z
Di
0
cDii z
Di
)(−1)
i
+ Tn.
By Lemma 3.1 and compare (3.3) and (4.2), we know that
∏n−1
i=1 (1− zDi0 /(ciz)Di)(−1)
i
tends
to 1 as s→ 0+ if z 6= 0. By (4.3), (4.4) and (4.7), we know that Rn ◦ ψ(z) converges to zdn
locally uniformly on Ĉ \ {0} as s→ 0+. Hence, if z 6= 0, we have
lim
s→0+
ψ ◦Rn(Rn ◦ ψ(z)) = lim
s→0+
z0
Sn/zd1dn + Tn
=
d1dnz
d1dn
1 + (d1dn − 1)zd1dn . (4.16)
This means that R̂◦2n converges to hd1dn locally uniformly on Ĉ \ {0} as s→ 0+. 
Theorem 4.3. Let c1 = (d
2
maxs)
1/d1 and ci = s
1/di ci−1 be the numbers defined in (4.2) for
2 ≤ i ≤ n − 1. There exist suitable Sn and Tn such that if the parameter s > 0 is small
enough, then the Julia set of Rn is a Cantor set of circles containing a parabolic periodic
orbit with period two.
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Proof. Similar to the proof of Theorem 3.5, we will not give the very detailed proof of
Theorem 4.3 since the proof technique is almost the same as that of Theorem 1.2. Like the
cases of Pn and Qn, besides 0 and ∞, the rest
∑n−1
i=1 Di critical points
⋃n−1
i=1 Criti of Rn are
very ‘close’ to
⋃n−1
i=1 {riciepii(2j−1)/Di : 1 ≤ j ≤ Di}, where ri := Di
√
di+1/di and 1 ≤ i ≤ n−1.
Although the specific expression of Rn are very different from that of Pn and Qn, we only
need to check the similar things in Lemma 2.9 beginning with (2.23) since the parameters
ci in Rn, bi in Qn and ai in Pn have the same orders in s, where 1 ≤ i ≤ n − 1 (see (2.1),
(3.3) and (4.2)).
Let A1, · · · , An−1 be the annuli defined as in Lemma 2.9. Similar to (2.22), if z ∈ Ai and
s is small enough, we have
|z/ci|di + |ci/z|di+1 < dmax. (4.17)
By the definition of Rn in (4.1), define Ψn(z) := (Rn(z)− Tn)/Sn. By (4.17), if z ∈ Ai and
s is small enough, we have
|Ψn(z)| =
{
d−2maxs
−1 |(z/ci)di − (ci/z)di+1 |−1 Υi(z) > d−3maxs−1Υi(z) if i is odd,
d−2max |(z/ci)di − (ci/z)di+1|Υi(z) < d−1maxΥi(z) if i is even, (4.18)
where
Υi(z) =
i−1∏
j=1
∣∣1− (z/cj)Dj ∣∣(−1)j n−1∏
j=i+1
∣∣1− (cj/z)Dj ∣∣(−1)j .
If z ∈ Ai for 1 ≤ j < i, by Lemma 2.1(2), we have
|z/cj|Dj  |ci/cj|Dj  sα2 ≤ s1+2/dmax ,
where α2 is defined in (2.3). Similarly, if z ∈ Ai for i < j ≤ n− 1, we have
|cj/z|Dj  |cj/ci|Dj  sα1 ≤ s1+2/dmax ,
where α1 is defined in (2.2). This means that
|Υi(z)− 1|  s1+2/dmax . (4.19)
For odd i and sufficiently small s > 0, if z ∈ Ai, by (4.3), (4.18) and (4.19), we have
|Rn(z)| ≥ |Sn| |Ψn(z)| − |Tn| > d−4maxµsν−1 − 1  sν−1. (4.20)
On the other hand, let z ∈ Ai for even i. By (4.3), (4.18) and (4.19), if s > 0 is sufficiently
small, we have
|Rn(z)| ≤ |Sn| |Ψn(z)|+ |Tn| < (d1dn − 1/2)µsν . (4.21)
By Lemma 4.2, the map R̂◦2n can be regarded as a small perturbation of the parabolic
map hd1dn if s is small enough. Therefore, the immediate parabolic basin of 1 of R̂
◦2
n ‘almost’
contains the outside of the closed unit disk by Lemma 2.4 (compare Corollary 2.7). This
means that the immediate parabolic basin of z0 ≈ d1dnµsν of Rn ‘almost’ contains the round
disk D(0, |z0|). Hence ,we know that Rn(Ai) is contained in the immediate parabolic basin
of z0 ≈ d1dnµsν by (4.21) if i is even. On the other hand, sν−1 tends to ∞ as s → 0+
since ν < 1. It follows that Rn(Ai) is contained in the immediate parabolic basin of 1 of Rn
by (4.20) with odd i. By applying a completely similar argument in the proof of Theorem
2.10, one can also prove the Julia set of Rn is a Cantor set of circles. This ends the proof of
Theorem 4.3 and hence Theorem 1.4. 
Now we give a specific example such the Julia set of Rd1,··· ,dn is a Cantor set of circles.
Let n = 3, d1 = d2 = d3 = 4 and s = 2
8 × 10−12. By (3.4), (4.2) and (4.4), we have
dmax = 4, µ = 2
−16/3, ν = 2/3, µsν = 10−8, c1 = (d2maxs)
1/d1 = 8 × 10−3 and c2 = s1/d2c1 =
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3.2 × 10−5. By (4.6), (4.9), (4.11) and a straightforward calculation, we have κ1 ≈ 1 and
κ3 ≈ −1.34217728× 10−16. Moreover,
κ2 =
58 × 10−24z81 − 1
28 × 10−40z81 − 1
and κ4 = − 2
11 × 10−40z81
28 × 10−40z81 − 1
+
55 × 10−21z81
58 × 10−24z81 − 1
.
Solving the following set of equations which corresponds to (4.6), (4.8) and (4.13) with
unknown numbers I3, J3 and z1: 16z1 = κ1I3 + 15J31 = κ2I3/z41 + 15× 10−8J3z1 = (1− κ3/4)(1− κ4/4)(16z1 − 15J3)(1− 15× 10−8J3),
we have
I3 ≈ 1 + 2.5× 10−7, J3 ≈ 1 + 9× 10−8 and z1 ≈ 1 + 10−7.
Therefore, by (4.5), we have
S3 = 10
−8I3 ≈ 10−8, T3 = 15× 10−8J3 ≈ 1.5× 10−7 and
z0 = 16× 10−8J3 ≈ 1.6× 10−7.
The Julia set of
R4,4,4(z) =
S3(z
8 − c82)
z4(z8 − c81)
+ T3,
is a Cantor set of circles with two parabolic periodic points 1 and z0 ≈ 1.6× 10−7 and the
period are both two (see Figure 6 and compare Figure 2).
Figure 6. The Julia set of R4,4,4 and its zoom near the parabolic periodic
point z0 ≈ 1.6× 10−7 for suitable parameters, which is a Cantor set of circles.
The gray parts in the Figure denote the Fatou components which are iterated
eventually to the parabolic periodic Fatou components whose boundaries con-
taining z0 and 1. Figure ranges: [−1, 1]2 and [−2.5× 10−7, 2.5× 10−7]2.
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5. Quasisymmetric uniformization of the Cantor circles
In this section, we give the quasisymmetric classification of the Cantor circles as the Julia
sets of rational maps. The classification is divided into two broad categories: the hyperbolic
case and the non-hyperbolic case. The classification of topological conjugacy classes on the
Cantor circles Julia sets for hyperbolic rational maps in [QYY] is actually a quasiconformal
classification. We state the main result in [QYY] here for our further reference.
Theorem 5.1. Let f be a hyperbolic rational map whose Julia set is a Cantor set of circles.
Then there exist p ∈ {0, 1} and n ≥ 2 positive integers d1, · · · , dn satisfying
∑n
i=1(1/di) < 1
such that f is conjugate to fp,d1,··· ,dn for suitable parameters on their corresponding Julia
sets by a quasiconformal mapping.
According to [Hei, Theorem 11.14], an orientation preserving homeomorphism between
the Riemann sphere to itself is quasisymmetric if and only if it is quasiconformal. This
means that Theorem 5.1 gives the quasisymmetric classification of the Cantor circles Julia
sets for the hyperbolic rational maps. Moreover, the family fd1,··· ,dn defined in (1.3) serves
the quasisymmetric models for all hyperbolic Cantor circles Julia sets (compare Table 1).
For non-hyperbolic rational maps with Cantor circles Julia sets, the family (1.3) only
gives the topological models. In order to give a quasisymmetric classification of the non-
hyperbolic Cantor circles Julia sets, one needs to give the corresponding quasisymmetric
models. This is what we have done in last three sections. In the rest of this section, we will
prove that every non-hyperbolic Cantor circles Julia sets is quasisymmetrically equivalent
to the Julia set of one map in the three families Pd1,··· ,dn , Qd1,··· ,dn and Rd1,··· ,dn .
Theorem 5.2. Let f be a parabolic polynomial with degree n ≥ 2 whose Julia set J(f) is a
Jordan curve. Then J(f) contains infinitely many cusps and there exists a quasiconformal
mapping φ : Ĉ→ Ĉ such that φ ◦ f = gn ◦ φ on J(f), where gn(z) = (zn + n− 1)/n.
Proof. Without loss of generality, suppose that the unique parabolic fixed point of f is
located at the origin and the local expansion of f at the origin is f(z) = z + z2 + · · · since
f has exactly one parabolic petal. This means that the parabolic fixed point 0 is a cusp on
J(f). Moreover, all k-th preimages of 0 are cusps, where k ≥ 1. Therefore, J(f) contains
infinitely many cusps. By the assumption, the Julia set J(f) divides the complex plane into
two components. The bounded one, denoted by U , is the fixed parabolic Fatou component
which contains n− 1 critical points of f . According to the dynamical behaviors of f in the
parabolic basin U , there exists a simply connected domain U1 ⊂ U satisfying the following
conditions:
(1) all the critical points of f in U are contained in U1;
(2) ∂U1 ∩ ∂U = {0}, f(U1) ⊂ U1 ∪ {0}; and
(3) ∂U1 is real analytic.
Let U2 = f
−1(U1). Then U2 is simply connected whose boundary is also real analytic and
f : U2 → U1 is a branched covering with degree n.
Let g(z) = ((1 + z)n − 1)/n be the parabolic polynomial which is conjugated to gn
by the translation z 7→ z + 1. Then g has a parabolic fixed point at the origin with
multiplier 1. Let W1 = D(−3/4, 3/4) be the round disk centered at −3/4 with radius 3/4
and define W2 = g
−1(W1), Then W 1 ⊂ W2 ∪ {0} since g(W 1) ⊂ W1 ∪ {0} by Lemma
2.5. Moreover, W2 is a simply connected domain whose boundary is real analytic and
g : W2 → W1 is a branched covering with degree n. By Riemann Mapping Theorem, there
is a conformal map ϕ : U1 → W1 such that ϕ(0) = 0. This map can be extended naturally
to a homeomorphism ϕ : ∂U1 → ∂W1 because the boundaries ∂U1 and ∂W1 are both real
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analytic. Since f : ∂U2 → ∂U1 and g : ∂W2 → ∂W1 are both covering maps with degree n,
there exists a unique lift of ϕ : ∂U1 → ∂W1, denoted also by ϕ : ∂U2 → ∂W2, which is a
homeomorphism such that ϕ(0) = 0 and ϕ ◦ f = g ◦ ϕ holds on ∂U2.
We now extend ϕ|∂U1∪∂U2 to a quasiconformal map ϕ : U2 \ U1 → W2 \W 1 as follows.
Note that U2 \U1 and W 2 \W1 are degenerated annulus. Hence the extension is not trivial.
Let w = ψ(z) = −1/z be a coordinate transformation and define C1 = ψ(U2 \ U1) and
C2 = ψ(W2 \W 1). Then C1 and C2 are two strips with infinite length. Let C−i and C+i be the
boundaries of Ci which lie on the left and right respectively, where i = 1, 2. Then ϕ|∂U1∪∂U2
induces a map ϕ̂ = ψ ◦ ϕ ◦ ψ−1 : C±1 → C±2 such that ϕ̂ ◦ F = G ◦ ϕ̂, where F = ψ ◦ f ◦ ψ−1
and G = ψ ◦ g ◦ ψ−1. By parabolic linearization theorem, there exists a large R > 0 and
conformal maps αi defined on {w ∈ C−i : |Im(w)| > R} such that α1(F (w)) = α1(w) + 1 and
α2(G(w)) = α2(w) + 1. Moreover, αi(w) ∼ w as Im(w)→∞ (see [Mil, §10]).
Take w1 ∈ C−1 and ϕ̂(w1) ∈ C−2 such that Im(w1) > R and Im(ϕ̂(w1)) > R. Note that the
linearization maps α1 and α2 are unique up to an additive constant. We could normalize α2
such that α2(ϕ̂(w1)) = ξ1 + iη1 = α1(w1), where ξ1, η1 ∈ R. Define S1 = {ζ : ξ1 ≤ Re(ζ) ≤
ξ1 + 1, Im(ζ) ≥ η1} and let S−1 , S+1 be the left and right edges of S1 respectively. Then
ϕ̂ : C−1 → C−2 induces a map ϕ˜ : S−1 → S−1 which is defined by
ϕ˜ : ξ1 + iη 7→ α2 ◦ ϕ̂ ◦ α−11 (ξ1 + iη) = ξ1 + iv(η),
where η ≥ η1 and v : [η1,+∞) → [η1,+∞) is a homeomorphism, which means that η is
continuous and increasing. On the other hand, ϕ̂ : C+1 → C+2 induces a map ϕ˜ : S+1 → S+1
which is defined by
ϕ˜ : ξ1 + 1 + iη 7→ α2 ◦ ϕ̂ ◦ α−11 (ξ1 + 1 + iη) = ξ1 + 1 + iv1(η).
One can easily check that v(η) = v1(η) for η ≥ η1. Hence, the map ϕ˜ : S−1 ∪ S+1 → S−1 ∪ S+1
has an extension ϕ˜ : S1 → S1 such that ϕ˜(ξ + iη) = ξ + iv(η), where ζ = ξ + iη ∈ S1.
Since the boundaries ∂U1 and ∂W1 are both real-analytic, the conformal map ϕ : U1 → W1
can be extended a larger domain U ′1 such that U1 ⊂ U ′1 by Schwarz’s Reflection Principle.
This means that ϕ′(0) exists. Hence, limw→∞ ϕ̂′(w) = ϕ′(0) when w ∈ C−1 ∪ C+1 . By the
definition of ϕ˜, we have v′(η) → |ϕ′(0)| as η → ∞ since αi(w) ∼ w as Im(w) → ∞ for
i = 1, 2. Note that ϕ′(z) 6= 0 in a small punctured neighborhood of 0. This means that
v′(η) > 0 if η is large enough. Without loss of generality, we suppose v′(η) > 0 for η ≥ η1
since we can choose the number R > 0 large enough. By a direct calculation, we have
∂ϕ˜/∂ξ = 1 and ∂ϕ˜/∂η = iv′(η), it follows that
∂ϕ˜
∂ζ
/
∂ϕ˜
∂ζ
=
∂ϕ˜/∂ξ + i ∂ϕ˜/∂η
∂ϕ˜/∂ξ − i ∂ϕ˜/∂η =
1− v′(η)
1 + v′(η)
< 1.
This means that ϕ˜ : S1 → S1 is a quasiconformal mapping in the interior of S1.
Let Ai = α−1i (S1) ⊂ Ci for i = 1, 2. For w ∈ A1, define ϕ̂(w) = α−12 ◦ ϕ˜ ◦ α1(w). Then
ϕ̂ : A1 → A2 is a quasiconformal mapping defined from the upper end of C1 to the upper
end of C2. Similarly, one can define a quasiconformal map ϕ̂ : B1 → B2 from the lower end
of C1 to that of C2. The map ϕ̂ : C±1 → C±2 can be extended to the middle part C1 \ (A1∪B1)
of C1 as a quasiconformal map ϕ̂ : C1 \ (A1 ∪ B1)→ C2 \ (A2 ∪ B2) is well known (since C±1
and C±2 are both real-analytic). Now we obtain a quasiconformal map ϕ̂ : C1 → C2 which is
the extension of ϕ̂ : C±1 → C±2 . Let ϕ := ψ ◦ ϕ˜ ◦ ψ−1. Then ϕ : U2 \ U1 → W2 \W 1 is a
quasiconformal extension of ϕ|∂U1∪∂U2 .
Now we define a quasi-regular map as follows:
f˜(z) =
{
f(z) if z ∈ C \ U2
ϕ−1 ◦ g ◦ ϕ(z) if z ∈ U2.
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Let σ0 be the standard complex structure in C and σ the unique f˜ -invariant almost complex
structure on C satisfying
σ(z) =
{
ϕ∗σ0 z ∈ U2 \ U1
σ0 z ∈ (C \ U) ∪ U1.
Let φ : (C, σ) → (C, σ0) be the integrating orientation preserving quasiconformal home-
omorphism which is normalized by φ(0) = 1 and φ(ϕ−1(−1)) = 0. Then φ ◦ f˜ ◦ φ−1 is an
unicritical parabolic polynomial with parabolic fixed point at 1 and critical points at the
origin with multiplicity n− 1. This means that φ ◦ f˜ ◦ φ−1 = gn. By the definition of f˜ , we
know that φ ◦ f = gn ◦ φ holds on J(f). The proof is complete. 
Note that the Julia sets J(f) and J(gn) are not quasicircles since they contain infinitely
many cusps. Actually, Theorem 5.2 is well known for experts (compare [McM, §6]).
Corollary 5.3. Let f1, f2 be two parabolic polynomials with the same degree whose Julia
set are both Jordan curves. Then there exists a quasiconformal map φ : Ĉ → Ĉ such that
φ ◦ f1 = f2 ◦ φ on J(f1).
Let A be an annulus whose closure separates 0 and ∞, we use ∂−A and ∂+A to denote
the two components of the boundary of A such that ∂−A ≺ ∂+A.
Theorem 5.4. Let f be a non-hyperbolic rational map whose Julia set is a Cantor set
of circles. Then there exist n ≥ 2 positive integers d1, · · · , dn satisfying
∑n
i=1(1/di) < 1
such that f is conjugate to Pd1,··· ,dn, Qd1,··· ,dn or Rd1,··· ,dn for suitable parameters on their
corresponding Julia sets by a quasiconformal mapping.
Proof. Let J(f) be the Julia set of f which is a Cantor set of circles. Assume that the two
simply connected Fatou components of f , which are denoted by D0 and D∞, contain two
points 0 and ∞, respectively. Let D = {D0, D∞} and A be the collection of all simply and
doubly connected Fatou components of f respectively. Then f(D) ⊂ D and there exists an
integer k ≥ 1 such that f ◦k(A) ∈ D for every A ∈ A by Riemann-Hurwitz’s formula and
Sullivan’s eventually periodic theorem.
Note that every periodic Fatou component of f must be attracting or parabolic because
the Cantor circles Julia sets cannot contain any critical points. Since f(D) ⊂ D, without
loss of generality, we assume that f(D0) = D∞, f(D∞) = D∞ and D∞ is a parabolic Fatou
component since the rest three cases can be proved completely similarly:
(1) f(D0) = D0 and f(D∞) = D∞, where D0 is an attracting Fatou component and D∞
is parabolic (The potential quasisymmetric model is Pd1,··· ,dn with odd n ≥ 3);
(2) f(D0) = D0 and f(D∞) = D∞, where D0 and D∞ are both parabolic Fatou compo-
nents (The potential quasisymmetric model is Qd1,··· ,dn with odd n ≥ 3); and
(3) f(D0) = D∞ and f(D∞) = D0, where D0 and D∞ are parabolic periodic Fatou
components with period 2 (The potential quasisymmetric model is Rd1,··· ,dn with odd n ≥ 3).
Our aim is to prove that the dynamics on the Julia set of f has a quasisymmetric model
Pd1,··· ,dn , where n ≥ 2 is even. The basic idea of the proof is as follows: Let D′0 and
D′∞ be the Fatou components of Pd1,··· ,dn containing the origin and infinity respectively,
where n ≥ 2 is even. We construct a sequence of quasiconformal maps φk : Ĉ → Ĉ with
uniform dilatation which conjugates f to Pd1,··· ,dn on f
−k(∂D0 ∪ ∂D∞). Then the limit
φ∞ : Ĉ → Ĉ of φk : Ĉ → Ĉ is also a quasiconformal map which conjugates f to Pd1,··· ,dn
on
⋃
k≥0 f
−k(∂D0 ∪ ∂D∞), where k ∈ N. By the continuity, φ∞ : Ĉ → Ĉ conjugates f to
Pd1,··· ,dn on J(f) =
⋃
k≥0 f
−k(∂D0 ∪ ∂D∞).
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Now we give the detailed proof. Since f(D0) = D∞, f(D∞) = D∞ and the Julia set
J(f) is a Cantor set of circles, then f−1(D0) consists of finite many Fatou components
which are all annular domains. In particular, we can write f−1(D0) =
⋃m
i=1A2i−1, where
A1, A3, · · · , A2m−1 are m annular Fatou components separating 0 from∞ such that A2i+1 ≺
A2i−1 for every 1 ≤ i ≤ m − 1. Suppose that deg(f : ∂+A2i−1 → ∂D0) = d2i−1 and
deg(f : ∂−A2i−1 → ∂D0) = d2i for 1 ≤ i ≤ m. Then, we have deg(f) =
∑2m
j=1 dj (see Figure
7 for m = 3).
Figure 7. Sketch illustrating of the mapping relation of f . The numbers
d1, d2, · · · , d2m denote the degrees of the restriction of f on the boundaries of
Fatou components, where m = 3.
Let Wi be the annular domain between A2i−1 and A2i+1, where 1 ≤ i ≤ m − 1. Then
we have f(Wi) = Ĉ \ D0 and deg(f : Wi → Ĉ \ D0) = d2i + d2i+1. This means that
there exists at least one Fatou component A2i ( Wi such that f(A2i) = D∞. Suppose
that there exists another Fatou component (which is an annulus) A′2i 6= A2i such that
A′2i ( Wi and f(A′2i) = D∞. Then there must exist a component of f−1(D0) contained in the
region between A′2i and A2i, which contradicts the assumption that f
−1(D0) =
⋃m
i=1A2i−1
is disjoint with Wi. Hence, there exists exactly one Fatou component A2i ( Wi such that
f(A2i) = D∞ and deg(f : A2i → D∞) = d2i + d2i+1. Similar argument shows that D0
is the unique component of f−1(D∞) lying in the bounded component of Ĉ \ A2m−1, and
D∞ is the unique component of f−1(D∞) lying in the unbounded component of Ĉ \ A1.
Therefore, we have f−1(D∞) = D0 ∪D∞ ∪
⋃m−1
i=1 A2i. Moreover, deg(f : D0 → D∞) = d2m
and deg(f : D∞ → D∞) = d1.
Define the closed annulus E = C \ (D0 ∪D∞). Then f−1(E) =
⋃2m
i=1 Ei, where E1, E2,
· · · , E2m are 2m annuli separating 0 from ∞ such that Ej ≺ Ei for 1 ≤ i < j ≤ 2m. The
map f : Ei → E is an unramified covering map with degree di, where 1 ≤ i ≤ 2m.
Define n = 2m. By Gro¨tzsch’s modulus inequality, we have
∑n
i=1(1/di) < 1 since each Ei
is essentially contained in E and mod(Ei) = mod(E)/di. In the following, we will construct
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a quasiconformal mapping φ : Ĉ→ Ĉ which conjugates the dynamics on the Julia set of f
to that of Pd1,··· ,dn with even n. For simplicity, we use P to denote Pd1,··· ,dn .
By Lemma 2.9 and Theorem 2.10, there exists a simply connected parabolic Fatou com-
ponent D′∞ 3 ∞ of P which satisfies P−1(D′∞) = D′0 ∪ D′∞, where D′0 is the Fatou
component of P containing the origin. For 1 ≤ i ≤ n − 1, let A′i be the annular Fatou
component of P such that Ai ⊂ A′i, where Ai is the annulus defined in Lemma 2.9. By
Lemma 2.9 and the proof of Theorem 2.10, we have P−1(D′∞) = D
′
0 ∪D′∞ ∪
⋃m−1
i=1 A
′
2i and
P−1(D′0) =
⋃m
i=1A
′
2i−1. Moreover, deg(P : D
′
∞ → D′∞) = d1, deg(P : D′0 → D′∞) = d2m,
deg(P : A′2i−1 → D′0) = d2i−1 + d2i and deg(P : A′2i → D′∞) = d2i + d2i+1.
Define the closed annulus E ′ := C \ (D′0 ∪D′∞). Then P−1(E ′) =
⋃2m
i=1E
′
i, where E
′
1,
E ′2, · · · , E ′2m are 2m annuli separating 0 from ∞ such that E ′j ≺ E ′i for 1 ≤ i < j ≤ 2m.
The map P : E ′i → E ′ is an unramified covering map with degree di, where 1 ≤ i ≤ 2m.
Up to now, one can see that the rational maps f and P ‘almost’ have the same dynamical
behaviours. We now begin to define a sequence of quasiconformal mappings.
Let U and V be the interior of E1 ∪D∞ and E ∪D∞ respectively. Then f : U → V is a
polynomial-like map with degree d1. By Douady and Hubbard’s Straighten Theorem [DH,
p. 296], f : U → V is quasiconformally conjugate to a parabolic polynomial f̂ with degree
d1 in a neighborhood of the filled-in Julia set of f : U → V . On the other hand, it is known
that P : (E ′1 ∪ D′∞)o → (E ′ ∪ D′∞)o is a polynomial-like map which is quasiconformally
conjugate to the parabolic polynomial gd1 = (z
d1 +d1−1)/d1. By Corollary 5.3, there exists
a quasiconformal mapping φ0 : C→ C such that φ0(D∞) = D′∞ and φ0◦f = P ◦φ0 on ∂D∞.
Since f : D0 → D∞ and P : D′0 → D′∞ are both holomorphic maps with degree dn, the
quasiconformal mapping φ0 : Ĉ→ Ĉ can be chosen such that it also satisfies φ0 ◦ f = P ◦φ0
on ∂D0 and φ0(D0) = D
′
0. Hence the quasiconformal map φ0 : Ĉ→ Ĉ satisfies:
(1) φ0(D0) = D
′
0 and φ0(D∞) = D
′
∞; and
(2) φ0 ◦ f = P ◦ φ0 on ∂D0 ∪ ∂D∞.
Next we define φ1 : Ĉ → Ĉ. Note that f : E1 → E and P : E ′1 → E ′ are both covering
maps with degree d1. There exists a unique lift φE1 : E1 → E ′1 of φ0 : E → E ′ such that
φE1 = φ0 on ∂D∞ and φ0◦f = P ◦φE1 on E1. In particular, φE1 : E1 → E ′1 is quasiconformal
in the interior of E1 since φ0 : E → E ′ is quasiconformal and f, P are both holomorphic.
Similarly, there exists a unique quasiconformal mapping φE2m : E2m → E ′2m, which is the
lift of φ0 : E → E ′ such that φE2m = φ0 on ∂D0 and φ0 ◦ f = P ◦ φE2m on E2m. For
2 ≤ i ≤ 2m − 1, there exists a lift (but not unique) of φ0 : E → E ′ defined from Ei to E ′i,
which we denote by φEi such that φ0 ◦ f = P ◦ φEi on Ei. For 1 ≤ i ≤ 2m, define φ1 = φEi
on Ei and define φ1 = φ0 on D0 ∪ D∞. Then we have φ0 ◦ f = P ◦ φ1 on
⋃2m
i=1Ei and
φ1 ◦ f = P ◦ φ1 on
⋃2m
i=1 ∂Ei.
We need to define φ1 on
⋃2m−1
j=1 Aj (see Figure 7). Note that for each Aj, its two boundary
components ∂+Ei+1 and ∂−Ei are not quasicircles since ∂D∞ is not. Hence, we cannot
take a quasiconformal extension directly. However, the lift φEi : Ei → E ′i defined in the
last paragraph can be actually defined in a larger domain Ui, which is an open annular
neighborhood of Ei, such that the both boundary components of Ui are quasicircles and
they satisfy U2m ≺ U2m−1 ≺ · · · ≺ U1. For 1 ≤ i ≤ 2m, define U ′i = φEi(Ui). For
1 ≤ j ≤ 2m− 1, let Vj ⊂ Aj and V ′j ⊂ A′j, respectively, be the annular domains between Uj
and Uj+1, U
′
j and U
′
j+1, respectively. It follows that the map φ1|∂+Uj+1∪∂−Uj has an extension
φVj : Vj → V ′j such that φVj : Vj → V ′j is quasiconformal since φEj |Uj and φEj+1 |Uj+1 are both
quasiconformal mappings and ∂+Uj+1 and ∂−Uj are quasicircles. Define φ1 = φVj on Vj for
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1 ≤ j ≤ 2m− 1. Then we obtain a quasiconformal mapping φ1 : C→ C which satisfies the
following conditions:
(1) φ1 = φ0 on D0 ∪D∞;
(2) φ0 ◦ f = P ◦ φ1 on
⋃2m
i=1Ei; and
(3) φ1 ◦ f = P ◦ φ1 on f−1(∂D0 ∪ ∂D∞).
Now we define φ2. For 1 ≤ j ≤ 2m−1, define φ2 = φ1 on Aj and φ2 = φ1 = φ0 on D0∪D∞.
For 1 ≤ i ≤ 2m, we lift φ1 : E → E ′ to obtain φ2 : Ei → E ′i such that φ1 ◦ f = P ◦φ2 on E2.
Now φ2 : Ĉ → Ĉ has been defined but we need to check its continuity. There exists only
one way to lift φ1 : E → E ′ to obtain φ2 : E1 → E ′1 if one wants to guarantee the continuity
of φ2 on D∞ ∪ E1 since φ2 is required to equal to φ1 on ∂+E1. Note that φ2 = φ1 on A1,
we need to check the continuity of φ2 at the boundary ∂−E1. In fact, φ0|E and φ1|E are
homotopic to each other and φ1|∂E = φ0|∂E, it follows that φ2 = φ1 on ∂−E1 since φ2 = φ1
on ∂+E1. This means that φ2 is continuous on ∂−E1. By taking a similar way, one can lift
φ1 : E → E ′ to obtain φ2 : Ei → E ′i for 2 ≤ i ≤ 2m and guarantee the continuity of φ2
on the corresponding boundaries. Since f and P are both holomorphic, the dilatation of
K(φ2 : Ei → E ′i) ≤ K(φ1) for 1 ≤ i ≤ 2m. Note that φ2 = φ1 on Aj and φ2 = φ1 = φ0 on
D0 ∪D∞, the map φ2 : C→ C has following properties:
(1) φ2 = φ1 on f
−1(D0 ∪D∞);
(2) φ1 ◦ f = P ◦ φ2 on
⋃2m
i=1Ei;
(3) φ2 ◦ f = P ◦ φ2 on f−2(∂D0 ∪ ∂D∞); and
(4) The dilatation of φ2 satisfies K(φ2) = K(φ1).
We now use the method of induction to prove the theorem. If we have obtained a quasi-
conformal mapping φk : Ĉ→ Ĉ for some k ≥ 1 as above, then φk+1 : Ĉ→ Ĉ can be defined
completely similarly to the procedure of the derivation of φ2 from φ1. Inductively, we can
obtain a sequence of quasiconformal mappings {φk}k≥0 with following properties:
(1) φk+1(z) = φk(z) for z ∈ f−k(D0 ∪D∞);
(2) φk ◦ f = P ◦ φk+1 on
⋃2m
i=1Ei;
(3) φk+1 ◦ f = P ◦ φk+1 on f−(k+1)(∂D0 ∪ ∂D∞); and
(4) The dilatation satisfies K(φk+1) = K(φk) = K(φ1) for k ≥ 1.
By [LV, Theorem 5.1], the sequence {φk : Ĉ → Ĉ}k≥0 is a normal family. Let φ∞ : Ĉ →
Ĉ be the limit of any convergent subsequence in {φk}k≥0. Then φ∞ is a quasiconformal
mapping satisfying φ∞ ◦ f = P ◦ φ∞ on
⋃
k≥0 f
−k(∂D0 ∪ ∂D∞) =
⋃
k≥0 f
−k(∂D∞). In
particular, φ∞ ◦ f = P ◦ φ∞ holds on
⋃
k≥0 f
−k(∂D∞) since φ∞ is continuous. Note that
the Julia set J(f) =
⋃
k≥0 f
−k(∂D∞). Therefore, φ∞ : Ĉ→ Ĉ is a quasiconformal mapping
which conjugates f to P on their corresponding Julia sets. The proof is complete. 
For each hyperbolic rational map whose Julia set is a Cantor set of circles, Theorem 5.1
gives the corresponding quasisymmetric model of the Julia set. For the non-hyperbolic case,
Theorem 5.4 gives the models.
Proof of Theorem 1.5. Combine Theorems 5.1 and 5.4. 
Corollary 5.5. Each parabolic Cantor circles Julia set has infinitely many cusps.
Proof. For Pd1,··· ,dn , Qd1,··· ,dn or Rd1,··· ,dn , one can easily get a polynomial-like map which
is quasiconformally conjugate to a parabolic polynomial. Specifically, as in the proof in
Theorem 2.10, Pd1,··· ,dn : (V1 ∪ U˜∞)o → (V ∪ U˜∞)o is a polynomial-like map with degree d1
which is quasiconformally conjugated to the parabolic polynomial gd1 = (z
d1 + d1 − 1)/d1
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(see Figure 3). For Qd1,··· ,dn and Rd1,··· ,dn , one can refer Figure 10 to get two polynomial-
like maps Qd1,··· ,dn : (E1 ∪ D∞)o → (E ∪ D∞)o and R ◦2d1,··· ,dn : (Ê1 ∪ D∞)o → (E ∪ D∞)o
which are quasiconformally conjugated to the parabolic polynomials gd1 and gd1,dn , where
Ê1 = E1 ∩ R−1d1,··· ,dn(E3) and gd1,dn is defined in (2.8). By Theorem 5.2, it follows that the
boundary of the unbounded Fatou component of Pd1,··· ,dn , Qd1,··· ,dn and Rd1,··· ,dn contains
infinitely many cusps. Then each parabolic Cantor circles Julia set has infinitely many
cusps by Theorem 5.4. 
Remark. The hyperbolic Cantor circles Julia sets (three types) are not quasisymmetrically
equivalent to the parabolic Cantor circles Julia sets (four types) since the former does not
have cusps but the latter have (see Table 1). However, we don’t know whether there exist two
different types hyperbolic Cantor circles Julia sets which are quasisymmetrically equivalent
to each other or not.
6. Regularity of the components of parabolic Cantor circles
By definition (see for example, [LV, p. 100]), a Jordan curve γ ⊂ Ĉ is called a quasicircle
if there exists a positive constant C such that for any different points x, y ∈ γ, the turning
of I about x and y satisfies
diam(I)/|x− y| ≤ C,
where I is the component of γ \ {x, y} with smaller diameter.
If f is a hyperbolic rational map whose Julia set is a Cantor set of circles, one can prove
that all Julia components of f are quasicircles by using the structure of the Cantor circles
and a standard argument (see Remark after the proof of Theorem 6.1). However, if f is a
parabolic rational map whose Julia set is a Cantor set of circles, it needs to do more work
if one wants to study the regularity of the Julia components.
Obviously, for parabolic Cantor circles, there are at least countably many Julia compo-
nents which are not quasicircles since they contain infinitely many cusps (Corollary 5.5).
The boundaries of the grand orbit of the parabolic periodic Fatou component are examples.
On the other hand, surprisingly, there exist also many Julia components of parabolic Cantor
circles which are quasicircles. We give a complete characterization for this dichotomy in the
following theorem.
Theorem 6.1. Let f be a parabolic rational map whose Julia set is a Cantor set of circles
and J0 a Julia component of f . Then, J0 is a quasicircle if and only if the closure of the
forward orbit of J0 is disjoint with the boundaries of the parabolic periodic Fatou components.
Proof. Without loss of generality, we assume that the two points 0 and∞ are contained inD0
and D∞ respectively, where D0 and D∞ are the two simply connected Fatou components
of f . Similar to the consideration in Theorem 5.4, we assume that f(D0) = D∞ and
f(D∞) = D∞, where D∞ is a parabolic Fatou component. The other three cases stated in
the proof of Theorem 5.4 can be proved completely similarly.
Let J be the closure of the union of the forward orbit {Jk := f ◦k(J0)}k∈N of the Julia
component J0. We claim that J ⊂ J(f) is homeomorphic to the product of a closed subset of
the standard middle third Cantor set C and the unit circle S1. Then each component of J is
a Jordan curve. In fact, since J(f) is a Cantor set of circles, there exists a homeomorphism
φ : J(f) → C × S1 which maps the Julia set of f to the standard Cantor set of circles.
Let z ∈ J(f) be a point which is accumulated by {Jk}k∈N. Then equivalently, φ(z) is an
accumulation point of {φ(Jk)}k∈N. Note that all components of C × S1 are round circles.
Therefore, each w′ ∈ φ(Jz) is accumulated by {φ(Jk)}k∈N, where Jz is the Julia component
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containing z. This means that φ(J ) is equal to the product of a closed subset of C and S1.
This ends the proof the claim.
If J is disjoint with the boundary ∂D∞, there exists a constant δ > 0 such that {z ∈ C :
dist(z,J ) ≤ δ} is disjoint with the the closure of the critical orbit of f since the image of the
forward orbit of the critical points of f is contained in D0 ∪D∞ and dist(D0 ∪D∞,J ) > 0.
Since J(f) is a Cantor set of circles, we have infk∈N diam(Jk) > 0. We assume that δ > 0
is sufficiently small such that {z ∈ C : dist(z,J ) ≤ δ} is disjoint with the poles of f and
infk∈N diam(Jk) > δ/2.
For any two given points x, y ∈ Jk = f ◦k(J0), let L(x, y) be the component of Jk \ {x, y}
with the smaller diameter, where k ∈ N. Let φ : J(f) → C × S1 be the homeomorphism
defined above. Then φ is uniformly continuous since J(f) is compact. This means that for
each positive  infk∈N diam(Jk), there exists a positive constant β() <  depending only
on  such that for any x, y ∈ J ,
if |x− y| < β(), then diam(L(x, y)) < . (6.1)
Let z1, z2 ∈ J0 be any two different points. If |z1 − z2| ≥ β(δ/2), then
diam(L(z1, z2))
|z1 − z2| ≤
M1
β(δ/2)
, (6.2)
where M1 := supk∈N diam(Jk) < +∞. Otherwise, |z1 − z2| < β(δ/2). Then L(z1, z2) < δ/2
by (6.1). Note that there exists a sufficiently large N > 0 such that f ◦m(L(z1, z2)) = Jm if
m ≥ N . There exists a smallest k ≥ 0 such that
diam(f ◦k(L(z1, z2))) < δ/2 and diam(f ◦k+1(L(z1, z2))) ≥ δ/2. (6.3)
In particular, f ◦k : L(z1, z2) → f ◦k(L(z1, z2)) ⊂ Jk is injective. Define M2 := max{|f ′(z)| :
dist(z,J ) ≤ δ/2}. There exist two points w1, w2 ∈ f ◦k(L(z1, z2)) ⊂ Jk such that
diam(f ◦k+1(L(z1, z2))) = |f(w1)− f(w2)| ≤M2|w1 − w2| ≤M2 diam(f ◦k(L(z1, z2))). (6.4)
By (6.3) and (6.4), we have
δ/(2M2) ≤ diam(f ◦k(L(z1, z2))) = diam(L(f ◦k(z1), f ◦k(z2))) < δ/2.
By (6.1), there exists a constant C1(δ,M2) > 0 such that
|f ◦k(z1)− f ◦k(z2)| ≥ C1(δ,M2).
Let U and V be the components of f−k(D(f ◦k(z1), δ/2)) and f−k(D(f ◦k(z1), δ)) both
containing z1, respectively. Consider the conformal mapping f
◦k : V → D(f ◦k(z1), δ) and
by Koebe’s distortion theorem, we know that there is a constant C2 > 0 such that
diam(L(z1, z2))
|z1 − z2| ≤ C2
diam(f ◦k(L(z1, z2)))
|f ◦k(z1)− f ◦k(z2)| ≤
C2δ
2C1(δ,M2)
. (6.5)
Combining (6.2) and (6.5), we know that J0 is a quasicircle since it is bounded turning.
On the other hand, suppose the forward orbit of J0 accumulates on the boundary ∂D∞.
The idea of the proof is similar to that of [PT, Theorem 8.6]. There exists a subsequence
Jnk → ∂D∞ in the Hausdorff topology as k →∞. Note that ∂D∞ is not a quasicircle since
it contains infinitely many cusps (see Corollary 5.5). Choose one of the cusps, which is not
the parabolic fixed point, and denote it by ζ. There exists a sequence of small constants
{ρm}m∈N > 0 satisfying 1  ρ0 > ρ1 > · · · > ρm > · · · > 0 and limm→∞ ρm = 0 such that
the round disk D(ζ, ρ0) is disjoint with the critical orbit of f . Without loss of generality, for
each m ∈ N, assume that Jnk ∩ ∂D(ζ, ρm/2) = {xmnk , ymnk} and L(xmnk , ymnk) ⊂ D(ζ, ρm/2) for
all k ≥ km, where L(xmnk , ymnk) is the component of Jnk \{xmnk , ymnk} with smaller diameter and
km ≥ 0 is an integer depending only on m. Moreover, assume that ∂D∞ ∩ ∂D(ζ, ρm/2) =
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{xm, ym} and L(xm, ym) ⊂ D(ζ, ρm/2), where L(xm, ym) is the component of ∂D∞\{xm, ym}
with smaller diameter.
Let xm0 , y
m
0 ∈ J0, respectively, be the preimages of xmnk , ymnk under f ◦nk which are contained
in a same component of f−nk(D(ζ, ρm)). By Koebe’s distortion theorem, there is a constant
C > 0 such that
diam(L(xm0 , y
m
0 ))
|xm0 − ym0 |
≥ C diam(L(x
m
nk
, ymnk))
|xmnk − ymnk |
≥ C diam(L(x
m, ym))
2|xm − ym| (6.6)
for large k ≥ km since Jnk → ∂D∞ as k → ∞, where L(xm0 , ym0 ) is the component of
J0 \ {xm0 , ym0 } with smaller diameter. Letting m → ∞ and hence ρm → 0, then the right
most term in (6.6) tends to∞ since ζ is a cusp. This means that J0 is not bounded turning.
Equivalently, J0 is not a quasicircle. This ends the proof of Theorems 6.1 and 1.6. 
Remark. By the completely similar arguments as Theorem 6.1, one can prove that each
Julia components of fp,d1,··· ,dn in Theorem 1.1 is a quasicircle since fp,d1,··· ,dn is hyperbolic if
the parameters a1, · · · , an−1 are chosen suitably.
For the parabolic Cantor circles Julia sets, the quasicircle components of f is dense in the
space of the Julia components. On the other hand, the non quasicircle components form a
residual set in Baire’s category (see Figure 8).
Figure 8. A quasicircle (black circle) in a parabolic Cantor circles Julia set
(dark grey) and its partial enlargement.
In the rest of this section, we will use the language of symbolic dynamics to analyse the
regularity of the Julia components, which can be served as a parallel result as Theorem 6.1.
The arguments will be divided into four cases.
For n ≥ 2, let Σn := {1, · · · , n}N = {s = s0s1s2 · · · | 1 ≤ sk ≤ n, and k ∈ N} be the space
of n symbols. The one-sided shift map σ : Σn → Σn is defined by σ(s) = s1s2 · · · , where
s = s0s1s2 · · · . We say the itinerary s is periodic if there exists an integer p > 0 such that
sk+p = sk for all k ≥ 0, and the minimal p > 0 is called the periodic of s. The itinerary s is
also denoted by s0 · · · sp−1 if it is periodic with period p.
Let f be a rational map whose Julia set is Cantor set of circles. The dynamics on the
set of Julia components of Pn is conjugate to the one-sided shift on the space of n symbols
Σn. For example, let J0 be a Julia component of Pd1,··· ,dn . If P
◦k
d1,··· ,dn(J0) ⊂ Esk for k ≥ 0,
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then s ◦ Pd1,··· ,dn(J0) = σ ◦ s(J0), where s(J0) = s0s1s2 · · · ∈ Σn is the itinerary of J0 and
E1, · · · , En are the annuli appeared in Theorem 5.4.
6.1. Parabolic I. This subsection will deal with the first case: a Cantor circles parabolic
rational map with only one parabolic fixed point and only one grand orbit of Fatou compo-
nents. By Theorem 5.2, there exists a quasisymmetric model Pd1,··· ,dn for this type, where
n ≥ 2 is even. This means that we only need to study the regularity of the Julia compo-
nents of Pd1,··· ,dn if we want to study a Cantor circles parabolic rational map with only one
parabolic fixed point and only one grand orbit of Fatou components.
For Pd1,··· ,dn with even n ≥ 2, let E := Ĉ \ (D0 ∪D∞), where D0 and D∞ are the Fatou
components of Pd1,··· ,dn containing 0 and ∞ respectively. Then P−1d1,··· ,dn(E) consists of n
components E1, · · · , En. Note that the Julia set J(Pd1,··· ,dn) is contained in E1 ∪ · · · ∪ En
(see left picture in Figure 9). For every Julia component J0 of Pd1,··· ,dn , if P
◦k
d1,··· ,dn(J0) ⊂ Esk
for k ≥ 0, then the itinerary of J0 is defined as s(J0) = s0s1s2 · · · ∈ Σn.
By Theorem 6.1 and the definition of s(J0), we have following proposition 6.2.
Proposition 6.2. Let n ≥ 2 be an even number. The Julia component J0 of Pd1,··· ,dn is a
quasicircle if and only if the sequence of the lengths of the maximal substrings with successive
symbol 1 in its itinerary s(J0) is bounded.
Figure 9. Sketch illustrating of the mapping relations of Pd1,··· ,dn , where
n = 4 and n = 3 (from left to right). Both Julia sets are contained in the
gray parts.
For example, let J0 be a Julia component of Pd1,d2,d3,d4 such that s(J0) = 1133. Then
the sequence of the lengths of the maximal substrings with successive symbol 1 in 1133 is
2, 2, 2, · · · , hence bounded and the component J0 is a quasicircle. If s(J0) = 121121112 · · · ,
the component J0 is not a quasicircle since the the sequence of the lengths of the maximal
substrings with successive symbol 1 in s(J0) is 1, 2, 3, · · · and unbounded.
6.2. Parabolic II. This subsection will deal with the second case: a Cantor circles parabolic
rational map with one parabolic fixed point and one attracting fixed point. By Theorem
5.2, there exists a quasisymmetric model Pd1,··· ,dn for this type, where n ≥ 3 is odd.
For Pd1,··· ,dn with odd n ≥ 3, the sets E and E1, · · · , En and the itinerary of of the Julia
components can be defined similarly (see right picture in Figure 9). By Theorem 6.1 and
the definition of s(J0), we have following proposition 6.3.
Proposition 6.3. Let n ≥ 3 be an odd number. The Julia component J0 of Pd1,··· ,dn is a
quasicircle if and only if the sequence of the lengths of the maximal substrings with successive
symbol 1 in its itinerary s(J0) is bounded.
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Proposition 6.3 is very similar to Proposition 6.2 although Pd1,··· ,dn with even and odd n
have completely different dynamics. For example, let J0 be a Julia component of Pd1,d2,d3
such that s(J0) = 123. Then the sequence of the lengths of the maximal substrings with
successive symbol 1 in 123 is 1, 1, 1, · · · , hence bounded. Therefore, the component J0 is a
quasicircle.
6.3. Parabolic III. We will consider the third case in this subsection: a Cantor circles
parabolic rational map with two parabolic fixed points. By Theorem 5.2, there exists a
quasisymmetric model Qd1,··· ,dn for this type. We omit the definitions of the sets E and
E1, · · · , En, etc (see left picture in Figure 10). By Theorem 6.1 and the definition of s(J0),
we have following proposition 6.4.
Proposition 6.4. Let n ≥ 3 be an odd number. The Julia component J0 of Qd1,··· ,dn is a
quasicircle if and only if the sequence of the lengths of the maximal substrings with successive
symbol 1 and n in its itinerary s(J0) is bounded.
Figure 10. Sketch illustrating of the mapping relations of Qd1,··· ,dn and
Rd1,··· ,dn (from left to right), where n = 3. Both Julia sets are contained
in the gray parts.
For example, let J0 be a Julia component of Qd1,d2,d3 such that s(J0) = 122. Then
the sequence of the lengths of the maximal substrings with successive symbol 1 in 122 is
1, 1, 1, · · · , hence bounded. Therefore, the Julia component J0 is a quasicircle.
6.4. Parabolic IV. Now we consider the last case: a Cantor circles parabolic rational
map with a parabolic periodic orbit whose period is two. By Theorem 5.2, there exists a
quasisymmetric model Rd1,··· ,dn for this type. The definitions of the sets E and E1, · · · , En,
etc are also omitted here (see right picture in Figure 10). By Theorem 6.1 and the definition
of s(J0), we have following proposition 6.5.
Proposition 6.5. Let n ≥ 3 be an odd number. The Julia component J0 of Rd1,··· ,dn is a
quasicircle if and only if the sequence of the lengths of the maximal substrings with successive
symbol 1 and n in its itinerary s(J0) is bounded.
For example, let J0 be a Julia component of Rd1,d2,d3 such that s(J0) = 112. Then
the sequence of the lengths of the maximal substrings with successive symbol 1 in 112 is
2, 2, 2, · · · , and hence the component J0 is a quasicircle.
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